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Abstract: We treat the topic of the closures of the nilpotent orbits of the Lie algebras
of Exceptional groups through their descriptions as moduli spaces, in terms of Hilbert
series and the highest weight generating functions for their representation content. We
extend the set of known Coulomb branch quiver theory constructions for Exceptional
group minimal nilpotent orbits, or reduced single instanton moduli spaces, to include
all orbits of Characteristic Height 2, drawing on extended Dynkin diagrams and the
unitary monopole formula. We also present a representation theoretic formula, based
on localisation methods, for the normal nilpotent orbits of the Lie algebras of any Clas-
sical or Exceptional group. We analyse lower dimensioned Exceptional group nilpotent
orbits in terms of Hilbert series and the Highest Weight Generating functions for their
decompositions into characters of irreducible representations and/or Hall Littlewood
polynomials. We investigate the relationships between the moduli spaces describing
different nilpotent orbits and propose candidates for the constructions of some non-
normal nilpotent orbits of Exceptional algebras.
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1 Introduction
The relationships between supersymmetric (“SUSY”) quiver gauge theories and the
nilpotent orbits of Classical Lie groups were examined in the companion paper [1]
(which elaborates on the motivation for these studies). It was shown how (i) any
Classical group nilpotent orbit can be constructed as the moduli space of an N = 2
Higgs branch quiver theory in 4d, and (ii) any A series nilpotent orbit, or any BCD
series near to minimal nilpotent orbit, can be constructed as the moduli space of an
N = 4 Coulomb branch quiver theory in 2+1 dimensions, based on a Dynkin diagram.
In the case of Exceptional groups, the Higgs branch method of constructing nilpo-
tent orbits is not available since Exceptional groups do not act as matrices on their
fundamental vector spaces. Furthermore, while Coulomb branch quiver theory con-
structions for minimal nilpotent orbits have been known for some time [2–4], and while
maximal nilpotent orbits correspond to modified Hall Littlewood polynomials trans-
forming in the singlet representation of a group G [5], quiver theory constructions for
other nilpotent orbits of Exceptional groups have not been given in the Literature.
The purpose of this note is to examine Coulomb branch quiver theory constructions
for the nilpotent orbits of Exceptional groups, beyond the minimal nilpotent orbit, and
also to develop representation theoretic methods for calculating properties of these
moduli spaces. This in turn facilitates the exploration of the branching relationships
between Exceptional group and Classical nilpotent orbits (and their quiver theories).
As in [1], we approach the topic of Exceptional group nilpotent orbits through their
constructions as moduli spaces, with Hilbert series (“HS”) that can be analysed using
the tools of the Plethystics Program [6, 7]. Each such HS counts holomorphic functions
on the closure of a nilpotent orbit [8]. For brevity, unless the context dictates otherwise,
this paper generally refers to closures of nilpotent orbits simply as “nilpotent orbits”.
We summarise in appendix C, relevant aspects of the theory of nilpotent orbits from
the mathematical literature [9, 10] and give simple algorithms for identifying nilpotent
orbits, by enumerating homomorphisms from SU(2) to G using character maps and
selection rules, and for calculating their dimensions. The character map for a nilpotent
orbit of G follows directly from its Characteristic [9], and we use Characteristics to label
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nilpotent orbits. The nilpotent orbits of a group can be organised into a Hasse diagram
[11], which displays their partial ordering, in terms of dimensions and moduli space
inclusion relations. We summarise the standard terminology used for the classification
of nilpotent orbits, according to their properties.
Each nilpotent orbit of G is associated with a set of holomorphic functions trans-
forming in irreps of G. Our approach is to describe these sets in terms of HS. Presented
in refined form, such HS faithfully encode the class function content of nilpotent or-
bits, up to isomorphisms. We decompose these HS into their representation content,
which can be described in terms of highest weight generating functions (“HWGs”),
based either on the irreducible representations (“irreps”) of G, or on the modified Hall
Littlewood polynomials (“mHL”) of G. The key transformations are summarised in
appendix A. Thus, while the (closures of the) nilpotent orbits of a Classical or Excep-
tional group are constructed from its Lie algebra g, they can also be referred to by
the group G. The reader is referred to [1, 12] for a fuller exposition of our methods of
working with plethystic generating functions and Weyl integration to decompose HS
into their constituent characters or mHL functions.
In section 2, we give Coulomb branch constructions for near to minimal Exceptional
group orbits using the unitary monopole formula. The quivers for these constructions
can be found by a variety of means; either from affine Dynkin diagrams, or from the
canonical data associated with nilpotent orbits via their Characteristics. All these
nilpotent orbits have a Characteristic Height 2. This is similar to the situation for
Coulomb branch constructions of Classical group nilpotent orbits1.
In section 3, we show how normal nilpotent orbits can be constructed using a
localisation formula, working directly from the group theoretic parameters encoded by
their Characteristics. Our method effectively generalises the expression for the mHL
of G, formulated in terms of the roots and Weyl group of G, to an expression for
(the normalisation of) any nilpotent orbit, including non-Richardson orbits.2 We use
this Nilpotent Orbit Normalisation (or “NON”) formula to calculate normal nilpotent
orbits of many Exceptional groups, although the high dimensions of their Weyl groups
restrict the set of calculations that is feasible at this time.
Several issues emerge from this analysis of Exceptional groups, relating in par-
ticular to their non-normal nilpotent orbits and some extra root maps from SU(2)
homomorphisms, which appear to give rise to dualities. While the computational chal-
lenges hinder a definitive resolution, these issues are discussed in the concluding section,
where potential avenues for future work are identified.
1 For the A series only, a wider range of constructions is available via 3d mirror symmetry [2].
2 Whilst the mathematical Literature contains schema for normalisations of nilpotent orbits [10, 13],
these lack the explicit Hilbert series grading incorporated in the NON formula.
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Notation and Terminology We freely use the terminology and concepts of the
Plethystics Program, including the Plethystic Exponential (“PE”), its inverse, the
Plethystic Logarithm (“PL”), the Fermionic Plethystic Exponential (“PEF”) and, its
inverse, the Fermionic Plethystic Logarithm(“PFL”). For our purposes:
PE
[
d∑
i=1
Ai, t
]
≡
d∏
i=1
1
(1− Ait) ,
PE
[
−
d∑
i=1
Ai, t
]
≡
d∏
i=1
(1− Ait),
PE
[
d∑
i=1
Ai,−t
]
≡
d∏
i=1
1
(1 + Ait)
,
PE
[
−
d∑
i=1
Ai,−t
]
≡ PEF
[
d∑
i=1
Ai, t
]
≡
d∏
i=1
(1 + Ait),
(1.1)
where Ai are monomials in weight or root coordinates or fugacities. The reader is
referred to [14] or [7] for further detail.
We present the characters of a group G either in the generic form XG(xi), or as
[irrep]G, or using Dynkin labels as [n1, . . . , nr]G, where r is the rank of G. We may
refer to series, such as 1 + f + f 2 + . . ., by their generating functions 1/ (1− f). We
use distinct coordinates/variables to help distinguish the different types of generating
function, as indicated in table 1. These different types of generating function are
related and can be considered as a hierarchy in which the refined HS, HWG, character
and mHL generating functions fully encode the group theoretic information about a
moduli space. We typically label unimodular Cartan subalgebra (“CSA”) coordinates
for weights within characters by x ≡ (x1 . . . xr) and simple root coordinates by z ≡
(z1 . . . zr), dropping subscripts if no ambiguities arise. The Cartan matrix Aij mediates
the canonical relationship between simple root and CSA coordinates as zi =
∏
j
x
Aij
j
and xi =
∏
j
z
A−1ij
j . We generally label field (or R-charge) counting variables with t,
adding subscripts if necessary.
Finally, we deploy highest weight notation [7], which uses fugacities to track highest
weight Dynkin labels, and describes the structure of a HS in terms of the highest weights
of its constituent irreps. We typically denote such Dynkin label counting variables by
m ≡ (m1 . . .mr) for representations based on characters, and by h ≡ (h1 . . . hr) for
representations based on (modified) Hall-Littlewood polynomials (m)HLG[n], although
we may also use other letters, where this is helpful. We define these counting variables
to have a complex modulus of less than unity and follow established practice in referring
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Generating Function Notation Definition
Refined HS (Weight coordinates) gGHS(x, t)
∞∑
n=0
an(x)t
n
Refined HS (Simple root coordinates) gGHS(z, t)
∞∑
n=0
an(z)t
n
Unrefined HS gGHS (t)
∞∑
n=0
ant
n ≡
∞∑
n=0
an(1)t
n
HWG (Character) for HS gGHWG(m, t)
∞∑
n1,...,nr=0
an1,...,nr(t) m
n1
1 . . .m
nr
r
HWG (mHL) for HS gGHWG(h, t)
∞∑
n1,...,nr=0
an1,...,nr(t)h
n1
1 . . . h
nr
r
Character gGX (x,m)
∞∑
n1,...,nr=0
[n1, . . . , nr]G(x) m
n1
1 . . .m
nr
r
(modified) Hall Littlewood gG(m)HL(x, h, t)
∞∑
n1,...,nr=0
(m)HLG[n1,...,nr] (x, t) h
n1
1 . . . h
nr
r
Table 1. Types of Generating Function
to them as “fugacities”, along with the monomials formed from the products of CSA
or root coordinates.
2 Coulomb Branch Constructions
2.1 Monopole Formula
By way of recapitulation, the monopole construction introduced in [15], with an explicit
formula for conformal dimension given in [16] and subsequently refined in [3], provides a
systematic method for the construction of the moduli spaces of the Coulomb branches
of particular SUSY quiver theories, being N = 4 superconformal gauge theories in
2 + 1 dimensions with 8 supercharges. The Coulomb branches of these theories are
HyperKa¨hler manifolds. The monopole formula draws upon a lattice of charges, often
referred to as a GNO lattice [17], that is applied to a linked system of gauge and flavour
nodes defined by a quiver diagram.
We focus herein on Coulomb branch constructions that are based on quivers with
unitary gauge groups, so it is useful to specialise to a unitary monopole formula, as
distinct from versions that use other gauge groups [5]. In the absence of external flavour
charges, the unitary monopole formula is given by the schema, refined from [3]:
gGHS:Coulomb (z, t) ≡
∑
q
PU(N)q (t) z
J(q) t∆(q). (2.1)
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In 2.1, q is a collective coordinate for the set of U(N) monopole charges of the quiver
gauge nodes (“overall monopole flux”), P
U(N)
q is a combined symmetry factor from the
Casimirs of the U(N) quiver gauge nodes under each monopole flux, z is a collective
coordinate for the simple root fugacities of a group G, and t is an R-charge counting
fugacity.
Each gauge node is associated with adjoint valued fields from the vector multiplet
and the links between nodes correspond to complex scalars from the hypermultiplets of
the SUSY theory. The monopole formula assembles the Coulomb branch of the quiver
theory by projecting monopole charge configurations from the GNO lattice to the root
space lattice of G, under a grading determined by the conformal dimension ∆ (q) of
the monopole flux q.
This conformal dimension (equivalent to R-charge or the spin of an SU(2)R global
symmetry) is found by applying the following general schema [16] to the quiver diagram:
∆ (q) =
1
2
∑
i
∑
ρi∈Ri
|ρi(q)|︸ ︷︷ ︸
contribution of N=4
hyper multiplets
−
∑
α∈Φ+
|α(q)|︸ ︷︷ ︸
contribution of N=4
vector multiplets
. (2.2)
The positive R-charge contribution in the first term comes from the matter fields that
link adjacent nodes in the quiver diagram. These are bifundamental chiral operators
within the N = 4 hypermultiplets. The second term describes a negative R-charge
contribution from the N = 4 vector multiplets; this arises due to symmetry breaking,
whenever the monopole flux qi over a gauge node i combines a number of different
charges. To explicate the unitary monopole formula, assuming G has rank r :
1. The gauge nodes are indexed by i, where i runs from 1 to r, with each U(Ni)
gauge node carrying a monopole flux qi ≡ (qi,1, . . . , qi,Ni) comprising one or more
monopole charges qi,j. The fluxes are assigned the collective coordinate q ≡
(q1, . . . , qr). The limits of summation for the monopole charges are ∞ ≥ qi,1 ≥
. . . qi,k ≥ . . . qi,Ni ≥ −∞ for i = 1, . . . r.
2. The PU(N)q ≡
r∏
i=1
P
U(Ni)
qi symmetry factor equals the product of the symmetry fac-
tors from each gauge node. Each P
U(Ni)
qi encodes the degrees {di,j} of the Casimirs
of the residual U(Ni) symmetries at each gauge node under its monopole flux qi:
PU(N)q ≡
∏
i,j
1(
1− tdi,j(q)) =
r∏
i=1
Ni∏
j=1
λij(qi)∏
k=1
1
1− tk . (2.3)
See Appendix B for some low rank examples.
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3. The monopole flux over the gauge nodes is counted by the fugacity z ≡ (z1, . . . , zr).
The monomial zJ(q), which combines the monopole fluxes qi into total charges for
each zi, expands as z
J(q) ≡
r∏
i=1
z
Ni∑
j=1
qi,j
i .
4. A gauge node may also be attached to one or more flavour nodes. In the absence
of external charges, any flavour nodes carry a zero monopole charge.
5. The conformal dimension ∆(q) associated with the monopole flux q (taking ex-
ternal flavour charges as zero) is given by the explicit formula [3]:
∆(q) =
1
2
r∑
j>i
∑
m,n
|qi,mAij − qj,nAji|︸ ︷︷ ︸
gauge - gauge hypers
+
1
2
∑
j>i
∑
m,n
|qi,mAij|︸ ︷︷ ︸
gauge - flavour hypers
−
r∑
i=1
∑
m>n
|qi,m − qi,n|︸ ︷︷ ︸
gauge vplets
,
(2.4)
where (i) the summations are taken over all the monopole charges in the flux q
and (ii) the linking pattern between nodes is defined by the Aij off-diagonal terms
of a linking matrix, which are only non-zero for linked nodes.
It is remarkable that with a little further specialisation, the unitary monopole for-
mula 2.1, together with 2.3 and 2.4, exactly generates the moduli spaces of certain class
functions over the root lattice of a Classical or Exceptional group. This specialisation
involves basing the gauge nodes of the quiver on the Dynkin diagram of some chosen
group G, taking the z as fugacities for the simple roots of G and extracting the linking
factors Aij from the Cartan matrix for G (extended to incorporate any flavour nodes).
Thus, for theories with simply laced quivers of ADE type, Aij = 0 or −1, for i 6= j.
Various choices are possible for the U(N) charges on the gauge nodes and also
for the number and linking of flavour nodes to gauge nodes, providing that the quiver
diagram remains balanced. As elaborated in [1], the balance of a gauge node (i),
introduced in [16], can be defined as:
Balance
(i)
G = −
∑
j
AijNj, (2.5)
where the sum is effectively taken over the gauge/flavour nodes to which each gauge
node is linked. When all the gauge nodes in a quiver are balanced, ∀i : Balance(i)G = 0,
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the conformal dimension ∆(q) of each overall monopole flux takes a non-negative integer
value and this meets the criteria for a good theory [16]. The Coulomb branch moduli
spaces constructed from these balanced quivers yield class functions over the root space
of G. Amongst these balanced quivers there exists a subset of quivers whose Coulomb
branches have moduli spaces that are closures of certain nilpotent orbits. The issue is
one of identifying these balanced quivers.
2.2 Quivers for Exceptional Group Nilpotent Orbits
Based on early work in [2], it was shown in [3] how the unitary monopole formula can be
combined with a quiver based on the affine Dynkin diagram of a simply laced group G
to construct the reduced single instanton moduli space (”RSIMS”) or minimal nilpotent
orbit of G, by choosing the U(N) gauge groups to have ranks defined by the Coexter
labels of G. In [4] this program was extended to the RSIMS of non-simply laced BCFG
groups, by working with dual Coexter labels3, and by dressing the hypermultiplet
linking factors to reflect different root lengths, using off-diagonal elements of the Cartan
matrix of G. In [12] it was shown that quivers based on twisted affine Dynkin diagrams
can be used to construct the moduli spaces of near to minimal nilpotent orbits of
Classical groups. One of the findings herein, is that such a construction based on the
twisted affine Dynkin diagram of F4 yields the next to minimal nilpotent orbit of F4.
The success of the constructions based on affine Dynkin diagrams results from the
fact that the dual Coxeter numbers of an affine Dynkin diagram form a kernel of the
affine Cartan matrix [18] and so satisfy the condition for a zero balance 2.5. Setting
one of the nodes of the affine Dynkin diagram as a flavour node selects the root system
of G, but does not affect the balance of the quiver.
It was also observed in [12] that the Characteristics (or root maps) and weight
maps of nilpotent orbits can be combined to form balanced quivers, by using weight
map labels to define the U(N) ranks of the gauge nodes and Characteristics to define
the numbers of flavours attached to each gauge node. In the case of Classical groups,
such quivers associated to the Characteristics of minimal and near to minimal nilpotent
orbits coincide with those obtained from the affine/twisted affine constructions; addi-
tionally, quivers associated to the Characteristics of some higher dimensioned nilpotent
orbits also yield Coulomb branch moduli spaces that match the nilpotent orbits (con-
structed, for example, on the Higgs branch).
In order for such a matching to occur, it is clearly necessary that the dimension of
the nilpotent orbit should match the dimension of the Coulomb branch construction.
3This distinction is critical for non simply laced groups for which the dual Coxeter labels differ
from the Coxter labels by factors depending on root lengths.
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Now, the (complex) dimension of a Coulomb branch construction using the unitary
monopole formula is equal to twice the sum of the ranks of the U(N) gauge nodes [19];
this in turn limits this construction method to those nilpotent orbits whose dimensions
are equal to twice the sums of their weight map labels. We refer to this as the weight
map condition. In these cases, calculations show that the monopole formula yields
moduli spaces matching the nilpotent orbits.
In [12] it was shown that this approach yields not only the affine constructions,
but also the 12 and 18 dimensional nilpotent orbits of C3 and C4, respectively. We find
herein that the Coulomb branches of quivers based on Characteristics yield, in addition
to the minimal nilpotent orbits of all Exceptional groups and the 22 dimensional (next
to minimal) nilpotent orbit of F4, the 32 dimensional (next to minimal) nilpotent orbit
of E6, the 52 (next to minimal) and 54 dimensional nilpotent orbits of E7, and the 92
(next to minimal) dimensional nilpotent orbit of E8.
An alternative formulation of the condition for the Characteristic of a nilpotent
orbit of G to yield a Coulomb branch quiver for its construction, can be given in terms
of the Characteristic root height [θ] of the highest root θ. This follows from C.11 by
setting the coefficients ai to the Coxeter labels of G, which express the highest root in
terms of simple roots. The empirical condition4 for a quiver based on the Characteristic
of a nilpotent orbit to yield its Coulomb branch construction is simply that [θ] = 2.
We refer to [θ] as the Characteristic Height.
The balanced quivers for Coulomb branch constructions of Exceptional group nilpo-
tent orbits are shown in figure 1 and their Hilbert series and HWGs are included within
the tables in the next section. All these constructions obey both the weight map and
the Characteristic Height conditions. For example, the next to minimal nilpotent orbit
of F4 has a Characteristic of [0001] and F4 has Coxeter labels of {2, 3, 4, 2}, so [θ] = 2.
Also, the dimension of the Hilbert series of this nilpotent orbit is 22, which equals twice
the sum of the weight map labels {2, 4, 3, 2}.
For higher dimensioned Exceptional group nilpotent orbits, [θ] > 2 and so Coulomb
branch constructions direct from Characteristics are not available. For example, the
twisted affine Dynkin diagram of G2 has [θ] = 3 and so there is no Coulomb branch
construction for the next to minimal 8 dimensional nilpotent orbit of G2.
5
4Identified by Giulia Ferlito, Imperial College, London.
5As a distinct case, a Coulomb branch construction is known for the 10 dimensional orbit of G2
[19]. This draws on a modification of the Dynkin diagram to include a self-linked gauge node, as
in figure 1; the calculation of ∆(q) uses A2 hypermultiplets and there is no vector multiplet on the
self-linked node.
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Figure 1. Exceptional Group Quivers with Characteristic Height 2. Round (blue) nodes
denote unitary gauge nodes of the indicated rank. Square (red) nodes denote numbers of
flavour nodes. The Characteristics coincide with the numbers of flavour nodes attached to
each gauge node. The dimension of a Coulomb branch nilpotent orbit construction equals
twice the sums of the ranks of its gauge nodes. Note that the quiver for the G2 10 dimensional
nilpotent orbit is not based on its Characteristic (see discussion).
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2.3 Monopole Formula Evaluation
Some digression on the mechanics of Hilbert series calculations using the monopole
formula is worthwhile, since these can pose computational challenges. The difficulties
result from the absolute differences between monopole charges within the conformal
dimension function, which require a piecewise treatment of the summation over the
gauge nodes. Thus, while it can be a relatively straightforward matter to find the first
few terms of a series expansion in t of gGHS:Coulomb(z, t), obtaining the rational generating
function for the refined Hilbert series is more delicate.
The approach taken herein to finding these refined Hilbert series involves splitting
the summation 2.1 into a set of summations over hypersurfaces within the lattice,
each defined by limits on the monopole charges q, such that conformal dimension ∆(q)
reduces to a (generally different) linear function of q on each hypersurface. The algebra
of these hypersurfaces (or sets of lattice points known as monoids) is discussed in [20].
From a computational viewpoint, there are various aspects to consider:
1. The number of such hypersurfaces is driven by the structure of the hypermulti-
plets. If we consider two adjacent gauge nodes with ranks N1 and N2, then the
number of distinct ways of ordering their monopole charges is given by the bino-
mial coefficient N1+N2!
N1!N2!
. Each such ordering defines the limits of a hypersurface
on the q lattice over which the contribution to conformal dimension ∆(q) from
the fields linking the two nodes is a linear function.
2. These hypersurfaces intersect along hypersurfaces of lower dimension (e.g. com-
mon edges between faces, common points between edges, etc.), and it is important
to allow for such intersections, so as to avoid over or under counting of lattice
points.
3. Also, the P
U(N)
q symmetry factors require the above calculations to be carried out
for each distinct degeneracy pattern of the ordered monopole charges. For exam-
ple, a U(3) gauge node has the 4 possible degeneracy patterns {a, b, c}, {a, a, b},
{a, b, b}, {a, a, a}. Generally, a U(N) gauge node has 2(N−1) such degeneracies,
and, when linked to its adjacent nodes, each degeneracy defines a different hy-
persurface.
4. In order to minimise the number of hypersurfaces to be evaluated, it can be
helpful to separate the components of the monopole formula according to their
node dependence and to tackle the summations one gauge node at a time.
5. There is a choice to make in the order of evaluation of the nodes. In the case
of non-simply laced quivers, it can be simpler to carry out the summations over
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the short roots first in order to keep the limits of summation as integer variables
(rather than ceiling or floor functions). In the case of DE quivers, it can be
simpler to calculate the central node last.
6. The number of hypersurfaces to be evaluated for each gauge node is compounded
by the different possible positions of the zero charge of the flavour node relative to
the gauge node monopole charges. This requires the use of piecewise conditional
functions, unless this is avoidable by leaving the summation over a single gauge
node attached to the flavour node until last.
7. For ADE groups it may be possible to shift the zero charge of the flavour node
onto one of the gauge nodes (for example the lowest monopole charge of the
central node of a DE quiver diagram), as discussed in [12, 19]. Such a shift
may make it possible to use the symmetries of the quiver diagram to reduce the
number of calculations and/or to minimise the compounding of the number of
hypersurfaces resulting from the zero charge of the flavour node.
Examples, including minimal nilpotent orbits of Exceptional groups, have been pre-
sented in [1, 3, 4, 12]. We complement these by providing some details of the calcula-
tions of the next to minimal nilpotent orbits of F4 and E6.
2.4 Monopole Formula for F4 22 Dimensional Nilpotent Orbit
The Coulomb branch construction for the 22 dimensional (next to minimal) nilpotent
orbit of F4 is based on the twisted affine Cartan matrix and dual Coxeter labels:
z1 2 −1 0 0 −1 2
z2 −1 2 −2 0 0 4
z3 0 −1 2 −1 0 3
z4 0 0 −1 2 0 2
z0 −1 0 0 0 2 1
, (2.6)
where the extra root has the fugacity z0 and the dual Coxeter labels have been expressed
as a column vector.
In the case of g
F4[0001]
HS:Coulomb(z, t), the most effective approach found was to calculate
the nodes in the order (4)→ (3)→ (2)→ (1), using a piecewise logic to keep track of
the position of the zero flavour charge amongst the gauge node monopole charges.
– 13 –
Thus, by combining 2.1, 2.3 and 2.4, and by expanding components, the monopole
formula can be rearranged into the sequence of sums over gauge nodes:
g
F4[0001]
HS:Coulomb(z, t) =
∑
∞≥q11≥q1,2≥−∞
PU(2)q1 (t) z1
q1,1+q1,2 t∆1(q) g[2](q1, z, t),
where
g[2](q1, z, t) =
∑
∞≥q2,1≥q2,2≥q2,3≥q2,4≥−∞
PU(4)q2 (t) z2
q2,1+q2,2+q2,3+q2,4 t∆2(q) g[3](q2, z, t),
where
g[3](q2, z, t) =
∑
∞≥q3,1≥q3,2≥q3,3≥−∞
PU(3)q3 (t) z3
q3,1+q3,2+q3,3 t∆3(q) g[4](q3, z, t),
where
g[4](q3, z, t) =
∑
∞≥q41≥q4,2≥−∞
PU(2)q4 (t) z4
q4,1+q4,2 t∆4(q),
(2.7)
and the components of conformal dimension are given by:
∆1 (q) = − |q1,1 − q1,2| ,
∆2 (q) =
1
2
 2∑
i=1
4∑
j=1
|q1,i − q2,j |
−∑
i<j
|q2,i − q2,j |,
∆3 (q) =
1
2
 4∑
i=1
3∑
j=1
|2q2,i − q3,j |
−∑
i<j
|q3,i − q3,j |,
∆4 (q) =
1
2
 3∑
i=1
2∑
j=1
|q3,i − q4,j |+
2∑
i=1
|q4,i|
− |q4,1 − q4,2| .
(2.8)
It should be noted that the g[j](q, z, t) are piecewise functions that take different values
according to the position of the zero flavour charge relative to the monopole charges
within the fluxes q. For example, g[2](q1, z, t) is a different function in the three cases
{q1,1 ≥ q1,2 ≥ 0, q1,1 ≥ 0 ≥ q1,2, 0 ≥ q1,1 ≥ q1,2}.
The Hilbert series for g
F4[0001]
HS:Coulomb(z, t) and its Highest Weight Generating functions
are included in tables 6 and 8 in the next section, along with some further commentary.
2.5 Monopole Formula for E6 32 Dimensional Nilpotent Orbit
The Coulomb branch construction of the refined HS for the 32 dimensional (next to
minimal) orbit of E6 uses the quiver based on its Characteristic, as shown in figure
1. The most effective approach found was to calculate the central node last, using a
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piecewise logic to keep track of the position of the zero flavour charge amongst the
gauge node monopole charges and making use of the outer automorphism symmetry of
the diagram.
By combining 2.1, 2.3 and 2.4, and by expanding, the monopole formula:
g
E6[100010]
HS:Coulomb(z, t) =
∑
q
PU(N)q (t) z
J(q) t∆(q), (2.9)
can be rearranged into the sequence of sums over gauge nodes:
g
E6[100010]
HS:Coulomb(z, t) =
∑
∞≥q3,1≥q3,2≥q3,3≥q3,4≥−∞
PU(4)q3 (t) z3
q3,1+q3,2+q3,3+q3,4 t∆3 g[2](q3, z, t)
× g[4](q3, z, t) g[6](q3, z, t),
where
g[2](q3, z, t) =
∑
∞≥q2,1≥q2,2≥q2,3≥−∞
PU(3)q2 (t) z2
q2,1+q2,2+q2,3 t∆2 g[1](q2, z, t),
where
g[1](q2, z, t) =
∑
∞≥q11≥q1,2≥−∞
PU(2)q1 (t) z1
q1,1+q1,2 t∆1 ,
and
g[6](q3, z, t) =
∑
∞≥q6,1≥q6,2≥−∞
PU(2)q6 (t) z2
q6,1+q6,2 t∆6 ,
and
g[4](q3, z, t) = g
[2](q3, z, t)
∣∣∣
{z1→z5,z2→z4}
,
(2.10)
and the components of conformal dimension are given by:
∆1 (q) =
1
2
 2∑
i=1
3∑
j=1
|q1,i − q2,j |+
2∑
i=1
|q1,i|
− |q1,1 − q1,2|,
∆2 (q) =
1
2
 3∑
i=1
4∑
j=1
|q2,i − q3,j |
−∑
i<j
|q2,i − q2,j |,
∆3 (q) = −
∑
i<j
|q3,i − q3,j |,
∆6 (q) =
1
2
 4∑
i=1
2∑
j=1
|q3,i − q6,j |
−∑
i<j
|q6,i − q6,j |.
(2.11)
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Once again, g[2](q3, z, t) and g
[1](q2, z, t) are piecewise functions that take different
values according to the position of the zero flavour charge relative to the monopole
charges within the fluxes. The Hilbert series for g
E6[100010]
HS:Coulomb(z, t) and its Highest Weight
Generating function are included in tables 12 and 17 in the next section, along with
some further commentary.
While a similar approach to obtaining the refined Hilbert series of the Coulomb
branches of the quivers for the next to minimal nilpotent orbits of E7 and E8 is in
principle feasible, the number of hypersurfaces involved leads to a considerable compu-
tational burden, and the calculation of these refined Hilbert series can be more practical
using localisation methods, as discussed in the next section.
3 Localisation Constructions
3.1 Nilpotent Orbit Normalisation formula
We continue by presenting a formula for the normalisation of (the closure of) a nilpotent
orbit g
G[ρ]
NON , which can in principle be restricted to yield a formula for the nilpotent orbit
g
G[ρ]
NO itself. We refer to this as the Nilpotent Orbit Normalisation (“NON”) formula;
it is given in 3.5. It is defined by the fixed points under the Weyl group, of plethystic
functions, which are parameterised by subsets of roots and background charges, over
the root space of G.
By way of motivation, a more general localisation formula, which is an extension
of a localisation formula for generalised Hall Littlewood functions of SU(N) [21], and
from which many relevant generating functions emerge as special instances, is given by:
gGHS (x, t, [n]) ≡
∑
w∈WG/H
w ·
x[n] ∏
α∈Φ˜+
G/H
⊆Φ+
G/H
1
1− zαt
∏
β∈Φ+
G/H
1
1− z−β
 . (3.1)
As usual, x represents the weight space fugacities and z = xA represents the root space
fugacities of some Lie group G, with Dynkin labels [n] and positive root space Φ+G. The
group H, with positive root space Φ+H , is a semi-simple regular subgroup of G, such that
the quotient G/H contains the positive roots Φ+G/H=Φ
+
G	Φ+H , and Φ˜+G/H is some subset
of Φ+G/H (specific to the instance). The summation is over the action of representative
elements w of the cosets WG/H , which act as x → w · x and z(x) → z(w · x). A key
requirement of the construction is that the summand should be invariant under WH .
Since Φ+G/H is WH invariant by construction, this requires that x
[n] and Φ˜+G/H should
each be WH invariant.
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The family of plethystic functions to which the NON formula belongs includes the
Weyl character formula and the modified Hall Littlewood formula. We can note some
special cases of 3.1:
1. H = ∅, t = 0 recovers the Weyl character formula [18] for the character of an
irrep with Dynkin label [n]:
χG[n] (x) =
∑
w∈WG
w ·
x[n] ∏
β∈Φ+G
1
1− z−β
. (3.2)
2. H = ∅, Φ˜+G/H = Φ+G recovers the formula for the modified Hall Littlewood poly-
nomials of G with Dynkin label [n]:
mHLG[n] (x, t) =
∑
w∈WG
w ·
x[n] ∏
β∈Φ+G
1
(1− zβt) (1− z−β)
. (3.3)
3. H = G0, [n] = [0], Φ˜
+
G/H = {θ}, where G0 is the stability group of the (high-
est weight Dynkin labels of the) highest root θ, recovers a character generating
function for a RSIMS [12] :6
gGHS:RSIMS (x, t) =
∑
w∈WG/G0
w ·
 1
1− zθt
∏
β∈Φ+
G/G0
1
1− z−β
. (3.4)
It is a key finding of this study that, with appropriate choice of parameters, the
localisation formula 3.1 can be adapted to yield a formula for the normalisation of
a nilpotent orbit. Considerations motivated by the above special cases, along with
explicit checking versus Higgs/Coulomb branch calculations, identify a Nilpotent Orbit
Normalisation formula that appears common to all normal nilpotent orbits.
Basic NON formula The parameters of the basic NON formula are fixed directly
from the Characteristic of a nilpotent orbit via a simple algorithm. The formula follows
from 3.1, by precise choices of H and Φ˜, and by setting [n] to [0] - this selects the singlet
from a family of charged functions associated with a given nilpotent orbit:
6The G0 stability group of θ is used in an equivalent manner in [22, 23], where the RSIMS generating
function is implemented as a sum over long roots.
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g
G[ρ]
HS:NON (x, t) ≡
∑
w∈WG/G0
w ·
 ∏
α∈Φ˜+
G/G0
1
1− zαt
∏
β∈Φ+
G/G0
1
1− z−β
, (3.5)
where Φ˜+G/G0 ≡ Φ+G/G0	Φ
[1]
G , as elaborated below. In cases where the nilpotent orbit is
normal, g
G[ρ]
NO = g
G[ρ]
NON . In cases where the nilpotent orbit is non-normal, g
G[ρ]
NO can be
found by restricting g
G[ρ]
NON to the nilpotent cone N 7:
g
G[ρ]
HS:NO (x, t) = g
G[ρ]
HS:NON (x, t)
∣∣∣
N
. (3.6)
The SU(2) homomorphism ρ (see Appendices C and D) induces a grading of the
root system of G. Adapting notation introduced in [9], we define the following subsets
of roots, under a grading by their Characteristic root height C.11:
Φ
[k]
G ≡
{
α ∈ Φ+G : [α] = k
}
, (3.7)
and then we define the following unions of these subsets:
Φ+G =
⋃
k≥0
Φ
[k]
G ; Φ
+
G/G0
=
⋃
k≥1
Φ
[k]
G ; Φ˜
+
G/G0
=
⋃
k≥2
Φ
[k]
G . (3.8)
Each SU(2) homomorphism selects a subset Φ˜+G/G0 of positive roots for symmetri-
sation with t within the NON formula. This subset invariably includes the highest
root θ, plus some system of positive roots connected to the highest root in the Hasse
diagram (for roots). The excluded roots include those of G0, which is the subgroup of
G for which k = 0, along with any in Φ
[1]
G .
The Weyl denominator identity,
∑
w∈WH
∏
β∈Φ+H
1
1−z−β = 1, which follows from 3.2,
permits rearrangement of 3.5 into the equivalent form:
g
G[ρ]
HS:NON (x, t) =
∑
w∈WG
w ·
 ∏
α∈Φ˜+
G/G0
1
1− zαt
∏
β∈Φ+G
1
1− z−β
. (3.9)
For computational purposes, 3.5 is often simpler, involving smaller denominator terms
and fewer Weyl group reflections.8
7For Classical groups, this restriction is achievable with the Higgs branch formula; for Exceptional
groups, its analytical implementation can be a non-trivial exercise, as will be discussed later.
8The simplification of 3.9 to the quotient group construction in 3.5 requires that Φ
[1]
G be invariant
under WG0 . This appears to be the case for all Characteristics derived from SU(2) homomorphisms
of G.
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We can easily check that the NON formula matches known results for canonical
types of nilpotent orbit. In particular, choosing a Characteristic of [22 . . . 2] entails that
both Φ
[0]
G and Φ
[1]
G are empty and so 3.5 reduces to 3.3, corresponding to mHL
G
[0], the
maximal nilpotent orbit ofG. Also, it is straightforward to check that the Characteristic
of a minimal nilpotent orbit leads to Φ
[2]
G containing just the highest root, so that
Φ˜+G/G0 = {θ} and 3.9 reduces to 3.4.
NON formula: Even and Richardson Orbits In the case of an even orbit, whose
Characteristic contains only the labels 0 and 2, Φ
[1]
G = ∅ and the NON formula simpli-
fies:
g
G[ρ]
NON(even) (x, t) =
∑
w∈WG/G0
w ·
 ∏
α∈Φ+
G/G0
1
(1− zαt) (1− z−α)
. (3.10)
All Richardson nilpotent orbits can in principle be treated within this category. If the
Richardson orbit is even, its H ≡ G0 subgroup follows directly from the zeros of the
Characteristic of G. If the Richardson orbit is not even, an H subgroup embedding
still exists, even if its identity cannot be read directly from the Characteristic.
NON formula: Induced Orbits A different and important rearrangement can be
made to the NON formula to induce a given nilpotent orbit (or its normalisation)
from the nilpotent orbit of a subgroup, whenever its Characteristic contains at least
one 2. Essentially, we define a G/H/G0 quotient group structure, by taking H as
the semi-simple subgroup defined by the Dynkin diagram of G that remains after any
nodes corresponding to 2 in the Characteristic have been eliminated. As a result, the
Characteristic for the nilpotent orbit in H contains only 0 and 1.
Starting from 3.5, we set G/G0 → G/H ⊗H/G0, so that Φ[1]G falls within ΦH . We
obtain:
g
G[ρ]
HS:NON (x, t) =
∑
w∈WG/G0
w ·
 ∏
α∈Φ˜+
G/G0
1
1− zαt
∏
β∈Φ+
G/G0
1
1− z−β

=
∑
w∈WG/H
w ·
gH[ρ]HS:NON (x, t) ∏
α∈Φ+
G/H
1
(1− zαt) (1− z−α)

(3.11)
where
g
H[ρ]
HS:NON (x, t) =
∑
WH/G0
w ·
 ∏
γ∈Φ˜+
H/G0
1
1− zγt
∏
δ∈Φ+
H/G0
1
1− z−δ
. (3.12)
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Since 3.12 takes the same form as 3.5, the nilpotent orbit (or its normalisation)
g
G[ρ]
NON is shown to be induced from the nilpotent orbit (or its normalisation) g
H[ρ]
NON . One
feature of the induction method 3.11 is that it opens the door to hybrid constructions
in which an Exceptional orbit can be induced from a Classical orbit that has been
calculated using the Higgs branch formula. For example, a candidate for g
F4[1012]
Induced can
be induced in this manner from the non-normal g
B3[101]
Higgs , which we write as:
g
F4[1012]
Induced (x, t) = g
F4[0002]
HS:NON (x, t)
[
g
B3[101]
Higgs (x, t)
]
. (3.13)
The fugacity maps between the weight space x coordinates of G and H can be
obtained by equating the respective simple root fugacities z that are involved in the
branching.9
Charged NON formula Finally, it is helpful to generalise version 3.9 of the NON
formula to deal with root systems that are modulated by background charges, as in
3.1. Define the charged NON formula:
g
G[ρ]
HS:NON (x, t)
[
x[n]
] ≡ ∑
w∈WG
w ·
x[n] ∏
α∈Φ˜+
G/G0
1
1− zαt
∏
β∈Φ+G
1
1− z−β
, (3.14)
where x[n] is a weight given by the CSA coordinates x and Dynkin labels [n]. Note
that, in order to permit general Dynkin labels, the quotient group WG/G0 structure is
not generally available.10
The charged functions 3.14 constitute an orthogonal basis (under an appropriate
measure) only in special cases. Specifically, t → 0 yields the Weyl Character formula
and Φ
[0]
G = ∅ = Φ[1]G yields charged functions of the maximal nilpotent orbit, which
equal the modified Hall Littlewood functions. Unfortunately, the charged functions
associated to a nilpotent orbit do not generally constitute an orthogonal basis. This
limits their utility, although they can be used to provide a description of relations
between non-normal nilpotent orbits and their normalisations, as discussed below.
3.2 HWGs from NON formula for Hilbert series
A refined Hilbert series gGHS(x, t) from the NON formula (or from a Coulomb branch
or other construction) can be transformed in various ways, as discussed in [1, 7, 12].
9When carrying out induction calculations it is important to equate root space (not weight space)
fugacities of G and H.
10A quotient group structure can be introduced only to the extent that the Weyl group symmetries
of [n] permit.
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The HS can be unrefined as gGHS(1, t), or converted in a faithful transformation either
to a character HWG, or to an orthogonal mHL HWG, by using Weyl integration to
project it onto a character generating function:
g
G[ρ]
HWG:NON (m, t) =
∮
G
dµG−
r∏
i=1
1
1−mi/xi g
G[ρ]
HS:NON (x, t)
g˜
G[ρ]
HWG:NON (h, t) =
∮
G
dµG−
∏
α∈Φ+
(1− zαt)
r∏
i=1
1
1− hi/xi g
G[ρ]
HS:NON (x, t)
(3.15)
Note that g˜
G[ρ]
HWG:NON (h, t) needs to be glued to the 1/v
G
[n](t) normalisation factors via
a further transformation, as discussed in [1], to obtain g
G[ρ]
HWG:NON (h, t).
3.3 Relationship of NON formula to T ∗(G/H) theory
It is instructive to relate the NON formula to a result that appears in [24] for the
Highest Weight Generating function of the representation content of a T ∗(G/H) theory.
This moduli space selects a subset of the representations of G from within a generating
function for the characters of G, by gauging a reductive subgroup H:
gT
∗(G/H) (m) ≡
∮
H
dµH(y) gGχ (y,m), (3.16)
where gGχ (y,m) is the character generating function for G and dµ
H(y) is the Haar
measure for H. It can be shown that gT
∗(G/H) (m) emerges as a special case from the
HWG g
G[even]
HWG:NON (m, t), as follows.
First, we define a Levi subgroup of G, H ≡ G0 ⊗ U(1)rank[G]−rank[G0], such that H
and G have the same rank. This allows us to establish a diffeomorphism between the
weight space coordinates x of G and y of H. We then transform the refined Hilbert
series g
G[even]
HS:NON (x, t), calculated from 3.10, to an HWG by projection onto a character
generating function for G:
g
G[even]
HWG:NON (m, t) =
∮
G
dµG (x) gGχ (x
∗,m) gG[even]HS:NON (x, t) (3.17)
The Haar measure dµG (x) for G can be factorised to separate off the Haar measure
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dµH (x) of the H subgroup:
dµG (x) =
1
|WG|
rank[G]∏
i=1
dxi
xi
 ∏
α∈ΦG
(1− zα)

=
1
|WG0 |
rank[G]∏
i=1
dxi
xi
 ∏
β∈ΦG0
(
1− zβ)
 |WG0|
|WG|
 ∏
α∈Φ
G/G0
(1− zα)

= dµH (x)
|WG0|
|WG|
 ∏
α∈Φ
G/G0
(1− zα)
 .
(3.18)
Under the fugacity simplification t→ 1, 3.10 reduces to:
g
G[even]
HS:NON (x, 1) =
∑
w∈WG/G0
w ·
 ∏
α∈Φ+
G/G0
1
(1− zα) (1− z−α)

=
∑
w∈WG/G0
w ·
 ∏
α∈Φ
G/G0
1
(1− zα)

(3.19)
Inserting 3.18 and 3.19 into 3.17, we obtain:
g
G[even]
HWG:NON (m, 1) =
∮
dµH (x) gGχ (x
∗,m)
|WG0|
|WG|
∏
α∈Φ
G/G0
(1− zα)
×
∑
w∈WG/G0
w ·
 ∏
α∈Φ
G/G0
1
(1− zα)

=
∮
dµH (x) gGχ (x
∗,m)
|WG0|
|WG|
|WG|
|WG0|
=
∮
H
dµH (y) gGχ (y,m)
= gT
∗(G/H) (m) ,
(3.20)
where we have replaced one (redundant) Weyl group summation
∑
w∈WG/G0
by |WG||WG0| ,
and transformed the conjugate x∗ coordinates of G to the y coordinates of H. Thus,
gT
∗(G/H) (m) is a specialisation to t = 1 of g
G[even]
HWG:NON (m, t).
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3.4 Classical Group Orbits from the NON formula
The Classical group moduli spaces obtained from the NON formula 3.5 all have palin-
dromic Hilbert series and are similar in this regard to the Coulomb branch constructions
from the unitary monopole formula. For a Classical group nilpotent orbit that is nor-
mal, as defined in Appendix C, the NON formula yields the same moduli space as its
Higgs branch construction, or, where available, Coulomb branch construction11. For a
non-normal orbit, the NON formula yields a moduli space that is either (i) a normal
component, or (ii) a normalisation of the nilpotent orbit.
The cases that require discussion are the non-normal nilpotent orbits [11]. The
number of these increases with rank; their Characteristics, up to rank 5, are listed in
Appendix C and the moduli spaces obtained from the NON formula are summarised,
up to rank 4, in table 2.
In the case of the D2r spinor pairs of nilpotent orbits, discussed in [1], the NON
formula gives the individual palindromic spinor moduli spaces, according to the Char-
acteristic chosen. Examples in table 2 include D2[20], D4[0020] and D4[0220]. The
moduli spaces of the conjugate spinors have identical unrefined Hilbert series and their
HWGs are related by the exchange of spinor fugacities. These spinor moduli spaces are
the normal components of the non-normal nilpotent orbits, constructed on the Higgs
branch, which are their unions:
g
D2r[...20]I/II
Higgs = g
D2r[...02]I/II
Higgs = g
D2r[...20]
NON + g
D2r[...02]
NON − gD2r[...20]∩D2r[...02]}NON . (3.21)
Also, for spinor pair orbits of Characteristic Height 2, the HS from the NON formula
match those obtained from Coulomb branch constructions.
For all the other non-normal nilpotent Classical group orbits, the NON formula
yields a normalisation. Examples in table 2 include B3[101], B4[2101] and C4[0200].
In each case the (non-normal) Higgs branch construction can be recovered from the
normalisation by excluding those elements that fall outside the nilpotent coneN . Thus:
g
B3[101]
Higgs = g
B3[101]
NON − gB3[200]NON [x1t] ,
g
B4[2101]
Higgs = g
B4[2101]
NON − gB4[2200]NON
[
x1t
2
]
,
g
C4[0200]
Higgs = g
C4[0200]
NON − gC4[0002]NON
[
x4t
2
]
.
(3.22)
11 These are tabulated up to rank 4 in [1].
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The elements of the moduli spaces in 3.22 that fall outside the nilpotent cone can
be described by the charged NON formula 3.14. The nilpotent orbit upon which each
of these charged moduli spaces is built is related to its parent orbit by the A2r−1∪A2r−1
Kraft-Procesi degeneration and lies beneath the parent orbit in the Hasse diagram.
It can be seen from table 2, that g
D4[0020]
NON and g
B3[101]
Higgs have the same unrefined
Hilbert series. This is an example of a branching relationship between two nilpotent
orbits.
Importantly, the equality between the normal Classical group nilpotent orbits con-
structed on Higgs or Coulomb branches and the moduli spaces obtained from the NON
formula, justifies the use of the NON formula to construct Exceptional group nilpotent
orbits. Also, the relationship between non-normal Classical group orbits and their nor-
malisations, or normal components, obtained from the NON formula, provides some
insight into the relationships between non-normal orbits and their normalisations.
3.5 Exceptional Group Orbits from the NON Formula
The construction of Exceptional group nilpotent orbits poses a number of challenges.
Firstly, Exceptional groups do not act in a similar manner to SL(n,R/C) rotation ma-
trices on their fundamental vector spaces, so the Higgs branch method is not available
[11]. This limits the construction methods to those based on the Coulomb branch or
NON formulae. These in turn have their own limitations; the unitary monopole for-
mula only works for minimal and near minimal orbits; and the NON formula yields the
normalisation of a nilpotent orbit, which only equals the orbit if it is normal. Finally,
the high dimensions of the Weyl groups of the E series entail that explicit calculations,
using the methods developed during this study, are not always feasible in terms of
computing memory and/or time.
In principle, however, those Exceptional group Characteristics for which the NON
formula does yield nilpotent orbits can be identified by verifying that the moduli spaces
are entirely contained within the nilpotent cone N , which is known for every group.
Such results can be cross-checked for completeness by comparison with the known
non-normal orbits listed in Appendix C. Moreover, even without a systematic formula
for calculating the non-normal Exceptional group orbits, it is often possible to find
candidates on a case by case basis, by restricting their normalisations to exclude charged
nilpotent orbits of lower dimension, as will be shown. The findings presented below are
derived from a combination of established results, full HS and HWG calculations, and
inferences based on unrefined HS expansions, checked to the highest order practicable.
In this study, Exceptional group nilpotent orbits are labelled by their Characteris-
tics for various reasons. Firstly, a Characteristic provides the structure and parameters
of the Coulomb branch and NON formulae. Secondly, while a Characteristic pro-
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vides a clear and unambiguous specification of a nilpotent element X, the same is not
true of the various alternative labelling methods based on sub-groups, developed, inter
alia, by Dynkin [9], Bala-Carter [25, 26], Hesselink [27]. Amongst these, the method
that is closest to the use of Characteristics is given by Hesselink, who identifies the
semi-simple subgroup G0 under which a nilpotent element X is invariant; this labelling
method works for most Richardson orbits, but is not sufficiently general to embrace
other types.
As is clear from the discussion on the variants of the NON formula in section 3.1,
there is often a choice to be made as to whether an orbit is calculated directly from the
roots of G, or induced from an orbit of a subgroup H, using 3.11. Either choice leads
to the same refined HS under the NON formula, but the induction method permits
the incorporation, for example, of a non-normal nilpotent orbit of H calculated on the
Higgs branch.
The following sub-sections analyse the nilpotent orbits of Exceptional groups, start-
ing from the Characteristics of SU(2) homomorphisms, classifying the type of each
orbit, giving its constructions, calculating, where practicable, unrefined HS, character
HWGs and mHL HWGs, and identifying whether the moduli spaces are nilpotent or-
bits or normalisations of non-normal orbits. For G2, F4 and E6, nilpotent orbit Hasse
diagrams are drawn, based on moduli space inclusion relations.
3.5.1 Orbits of G2
Table 3 classifies the 5 nilpotent orbits of G2 and gives their unrefined HS. Table 4
gives the character and mHL HWGs, calculated from the refined HS. To comment on
the various orbits:
[10]: 6 dimensional nilpotent orbit. This is the minimal nilpotent orbit and is both
rigid and normal. It can be calculated either from a Coulomb branch quiver
theory built on the affine Dynkin diagram, as discussed in section 2, or from the
NON formula. Both its HS and character HWG are palindromic.
[01]: 8 dimensional nilpotent orbit. This next to minimal orbit is rigid, but not normal.
It has Characteristic Height 3 and does not have a Coulomb branch construction.
The NON formula yields a normalisation. The non-normal orbit is found by
excluding from this normalisation a subspace expressed in terms of the charged
NON formula for the minimal nilpotent orbit:
g
G2[01]
NO = g
G2[01]
NON − gG2[10]NON [x2t] . (3.23)
– 26 –
[20]: 10 dimensional nilpotent orbit. The sub-regular nilpotent orbit is distinguished
and has an invariant subgroup G0 = A1. It can be calculated from the NON
formula 3.10. Both its HS and character HWG are palindromic.
[22]: 12 dimensional nilpotent orbit. The maximal nilpotent orbit is distinguished. It
can be calculated from the NON formula. Both its HS and character HWG are
palindromic, in the latter case with degree m1
3m2
5t18.
The normalisation g
G2[01]
NON has the same unrefined Hilbert series (up to t counting con-
ventions) as g
B3[010]
Higgs , as tabulated in [1], and can be obtained from this using a character
map that folds the B3 vector and spinor together [28].
It can easily be checked, both from the unrefined HS and the character HWGs,
that these nilpotent orbits satisfy the expected inclusion relations g
G2[00]
NO ⊂ gG2[10]NO ⊂
g
G2[01]
NO ⊂ gG2[20]NO ⊂ gG2[22]NO , providing that the non-normal 8 dimensional nilpotent orbit
is used. These inclusion relations are graphed in the Hasse diagram in figure 2.
Figure 2. G2 Nilpotent Orbit Hasse Diagram. The diagram is derived from Hilbert series
inclusion relations, with the yellow node indicating a non-normal nilpotent orbit.
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3.5.2 Orbits of F4
The 16 nilpotent orbits of F4 are described in tables 6 to 9, which give their clas-
sification, constructions, unrefined HS and, where practicable, character HWGs and
modified Hall Littlewood HWGs. Tables 10 and 11 contain similar information for the
normalisations of the non-normal orbits. Many orbits have distinctive features:
[1000] and [0001]: 16 dimensional minimal and 22 dimensional next to minimal nilpo-
tent orbits. These orbits are rigid and have the invariant subgroups C3 and B3,
respectively. Their Hilbert series can be calculated either (i) from the Coulomb
branch of a quiver theory built, as described in section 2, on the affine or twisted
affine Dynkin diagram of F4 (as shown in figure 1) or (ii) from the NON formula
3.5. Their HS and character HWGs are palindromic.
[0100]: 28 dimensional nilpotent orbit. This orbit is rigid and has the invariant sub-
group A1⊗A2. Its Hilbert series can be calculated either from the NON formula,
or as the intersection of the two 30 dimensional orbits. Both the HS and character
HWG are palindromic.
[2000]: 30 dimensional nilpotent orbit. This orbit is even, has the invariant subgroup
C3, and is normal. Its Hilbert series can be calculated from the NON formula.
Both the HS and character HWG are palindromic.
[0002]: 30 dimensional nilpotent orbit. This orbit is even, has the invariant subgroup
B3, and is non-normal. The NON formula yields a normalisation. The candidate
for the non-normal orbit is found by excluding from this normalisation a subspace
expressed in terms of the charged NON formula for the 28 dimensional orbit:
g
F4[0002]
NO = g
F4[0002]
NON − gF4[0100]NON
[
x4t
2
]
, (3.24)
with notation as per 3.14. Both the HS and character HWG are non-palindromic.
[0010]: 34 dimensional nilpotent orbit. This orbit is rigid and has the invariant sub-
group A2 ⊗ A1. It can be calculated from the NON formula. The HS and
character HWG (omitted) are palindromic.
[2001]: 36 dimensional nilpotent orbit. This orbit is non-rigid, has the invariant
subgroup B2 ∼= C2, and is non-normal. Its normalisation can be calculated from
the NON formula. The candidate for the non-normal nilpotent orbit is found by
excluding from its normalisation a subspace expressed by applying the charged
NON formula to the 34 dimensional orbit:
g
F4[2001]
NO = g
F4[2001]
NON − gF4[0010]NON
[
x1t
3
]
. (3.25)
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The HS is non-palindromic.
[0101]: 36 dimensional nilpotent orbit. This orbit is rigid, has the invariant subgroup
A1 ⊗A1, and is non-normal. Its normalisation can be calculated from the NON
formula. The candidate for the non-normal nilpotent orbit is found by exclud-
ing from its normalisation a subspace expressed by applying the charged NON
formula to the 34 dimensional orbit:
g
F4[0101]
NO = g
F4[0101]
NON − gF4[0010]NON
[
x4t
2
]
. (3.26)
Note the difference in charges between 3.26 and 3.25. The HS is non-palindromic.
[1010]: 38 dimensional nilpotent orbit. This orbit is non-rigid, has the invariant
subgroup A1⊗A1, and is non-normal. Its normalisation is found from the NON
formula. The candidate for the non-normal nilpotent orbit is found by excluding
from this normalisation a subspace expressed in terms of charged NON formulae
for the two 36 dimensional orbits:
g
F4[1010]
NO = g
F4[1010]
NON − gF4[2001]NON
[
x1t
3 + x4t
2
]
− gF4[0101]NON
[
x3x4t
6
] (3.27)
Its HS is non-palindromic.
[1012]: 42 dimensional nilpotent orbit. This orbit is Richardson, has the invariant
subgroup A1, and is non-normal. Its normalisation can be calculated from the
NON formula. Possible candidates for the non-normal nilpotent orbit can be
found either (i) by excluding from its normalisation a subspace expressed in terms
of the charged NON formula for the 40 dimensional orbit g
F4[0200]
NO , or (ii) by
induction (using 3.11) from g
B3[101]
Higgs :
g
F4[1012]
NO = g
F4[1012]
NON − gF4[0200]NON
[
x4t
2 + x3t
6
]
g
F4[1012]
Induced = g
F4[0002]
NON
[
g
B3[101]
Higgs
] (3.28)
The former is taken as the candidate for the non-normal orbit g
F4[1012]
NO , on the
grounds that it is consistent with the restriction method detailed below, and that
it includes [0200], as in the standard Hasse diagram. Its HS is non-palindromic.
[0200], [0202], [2202] and [2222]: 40 dimensional , 44 dimensional, 46 dimensional
sub-regular, and 48 dimensional maximal nilpotent orbits. These orbits are dis-
tinguished and contain the invariant subgroups A1 ⊗ A2, A1 ⊗ A1, A1 and ∅,
respectively. They are found from the NON formula. Their HS are palindromic.
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The above list excludes the moduli space defined by the SU(2) homomorphism
which has the root map [2002]. Detailed calculation of Hilbert series shows that g
F4[2002]
NON
is not a nilpotent orbit, but is an extension of the distinguished g
F4[0200]
NO , and can be
described using the charged NON formula:
g
F4[2002]
NON = g
F4[0200]
NO
[
1 + x1t
3 + x4t
2
]
. (3.29)
It is necessary to make some caveats in relation to the non-normal orbits. Firstly,
the method of finding the charged NON formula descriptions that restrict their nor-
malisations to N is partly empirical, guided by unrefined HS and character HWGs,
where known. The restricted NON method used for F4 has been (i) to fix the moduli
space inclusion relations below a non-normal orbit using its normalisation and (ii) to
exclude from the normalisation a subspace containing one (or sometimes more) charged
normalisations of orbits lying immediately below in the Hasse diagram, such that the
resulting non-normal moduli space lies within the nilpotent cone. This method is con-
sistent with the Higgs branch constructions of non-normal Classical orbits studied in
3.4 and has been sufficient to specify candidates for the non-normal orbits of F4.
Secondly, since the charged NON formula does not generally yield an orthogonal
basis, there may be alternative charged NON formula descriptions of the non-normal
orbits that give the same result.
Finally, it has only proved possible to calculate character HWGs and to use their
Taylor series expansions to check the irrep inclusion relations explicitly up to the 34
dimensional nilpotent orbit; for the 36 dimensional and 38 dimensional non-normal
orbits, in particular, the analysis has been largely dimensional in nature and therefore
should not be taken as definitive.
It is interesting to compare the inclusion relations obtained from this analysis of
moduli spaces with the standard Hasse diagrams of nilpotent orbits in the mathematical
Literature [10, 29, 30], which are based on earlier work in [31]. Figure 3 compares the
Hasse diagram defined by the inclusion relations amongst the Hilbert series of nilpotent
orbits gF4NO to the standard Hasse diagram.
Unlike the case of Classical group nilpotent orbits, where there is an exact corre-
spondence between the Hasse diagrams (omitted) based upon Hilbert series inclusion
relations and the standard diagrams [10, 11], there is a discrepancy involving the link-
ing pattern between F4[2000] and F4[0010], where the restricted NON method yields
an inclusion relationship that is absent in the standard diagram.
One possibility could be that the subtle distinction between normal and non-normal
orbits has not been consistently treated in the analyses in the Literature upon which
the standard Hasse diagrams are based. In this context, it is worth noting that g
F4[0010]
NO
does not include g
F4[2000]
NON , which is the normalisation of g
F4[2000]
NO .
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Figure 3. F4 Nilpotent Orbit Hasse Diagram. The left hand diagram is derived from Hilbert
series and HWG inclusion relations. The right hand diagram is taken from the mathematical
Literature [29, 30]. Yellow nodes indicate non-normal nilpotent orbits.
The nilpotent orbits of F4 include some special orbits, as defined in Appendix C.
These are summarised in table 5, along with their duals under the Spaltenstein map.
Spaltenstein Dual Orbits
[0000]⇔ [2222]
[0001]⇔ [2202]
[0100]⇔ [0202]
[0002]⇔ [1012]
[2000]⇔ [2200]
[0200]⇔ [0200]
Table 5. F4 Special Nilpotent Orbits
The special orbit [0200] is self dual. The non-normal orbits [0002] and [1012] are
special and dual to each other. The other non-normal orbits [2001], [0101] and [1010]
are not special. It appears that the symmetries of the left hand Hasse diagram based
on Hilbert series and HWG inclusion relations are a better fit for the symmetries of the
Spaltenstein map.
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3.5.3 Orbits of E6
The 21 nilpotent orbits of E6 are described in tables 12 to 14, which give their classifi-
cation, constructions and unrefined HS. Table 15 contains the same information for the
normalisations of the non-normal nilpotent orbits. Table 16 analyses the three extra
root maps that were identified in Appendix C.
Unlike F4, it has not proved practicable to resolve many Hilbert series into HWGs,
other than for near minimal and maximal orbits, so much of the analysis is based upon
unrefined HS. In table 17, the character HWGs and mHL HWGs are given for those
orbits where it has been possible to complete the calculations.
The normal and non-normal orbits exactly match those listed in [32] (see Appendix
C). The tables contain candidates for the constructions of the non-normal orbits. These
have been obtained by restricting their normalisations to the nilpotent cone N through
the subtraction of sub-spaces, similar to the method used for gG2NO and g
F4
NO. Much of
the analysis is, however, based on unrefined Hilbert series and should not be taken as
definitive. The picture that emerges can be summarised:
[000001] and [100010]: 22 dimensional minimal and 32 dimensional next to minimal
nilpotent orbits. These orbits have the invariant subgroups A5 and D4 respec-
tively. The orbits can be calculated either (i) from the Coulomb branch of a
quiver theory built on the affine Dynkin diagram or Characteristic, or (ii) from
the NON formula. The HS and character HWGs are palindromic, and the latter
are freely generated.
[001000] and [000002]: 40 and 42 dimensional nilpotent orbits. These orbits have the
invariant subgroups A2⊗A2⊗A1 and A5, respectively. The orbits are calculated
from the NON formula. The HS and character HWGs are palindromic, and the
latter are freely generated or complete intersections.
[100011], [200020], [100012], [010101] and [200022]: 46, 48, 52, 56 and 60 dimensional
nilpotent orbits. These orbits have the invariant subgroups A3, D4, A3, A
3
1 and
A3 respectively. The orbits are non-normal and candidates for the orbits are
found by excluding sub-spaces, as shown in the tables, from their normalisations
obtained from the NON formula. The Hilbert series are non-palindromic.
The remaining orbits are normal, with palindromic Hilbert series. The decompositions
into mHL functions are shown for the 66 dimensional orbit upwards.
The Hasse diagram based on the inclusion relationships between unrefined Hilbert
series is compared in figure 4 with the standard diagram in the mathematical Literature
[29, 30].
– 40 –
The two diagrams are broadly consistent. Some of the extra links appearing in
the left hand diagram might disappear if the moduli space calculations could be re-
peated with refined (rather than unrefined) Hilbert series, or with character HWGs.
However, the left hand diagram does not have a link (i.e. inclusion relation) between
the non-normal [200022] and the normal [110111]; considering that unrefined Hilbert
series cannot miss an inclusion relation, this may indicate an anomaly in the standard
diagram; alternatively, there may be other restrictions of the normalisation of [200022]
that should be considered.
Turning to the three extra root maps, whose unrefined HS are set out in table
16: two of these maps, [111110] and [020202], have identical refined Hilbert series
to the nilpotent orbits with Characteristics [110111] and [202020], respectively; these
provide examples of dualities, with different SU(2) homomorphisms generating the
same nilpotent orbit. The third map, [110110], is non-normal, containing elements
outside the nilpotent cone; it can be restricted to the nilpotent cone, by excluding
a subspace defined by the charged NON formula, whereupon it appears to be an
extension of [002000], the distinguished nilpotent orbit of the same dimension:
g
E6[110110]
NON = g
E6[002000]
NON
[
1 + x6t
3 + x3t
6
]
(3.30)
The Weyl group of E6 has 25 irreps and conjugacy classes. In [33], the 21 nilpotent
orbits are identified as these conjugacy classes, modulo some actions of the symmetric
groups S2 or S3. Two of the three extra root maps, [110110] and [020202], appear to cor-
respond to other members of these conjugacy classes; however, these are only identified
in [33] by Bala Carter labels, so the correspondence with root maps or Characteristics
is unclear.
– 41 –
Figure 4. E6 Nilpotent Orbit Hasse Diagram. The left hand diagram is indicative, being
partly derived from unrefined Hilbert series, with arrows indicating inclusion relations and
yellow nodes indicating non-normal nilpotent orbits. The right hand diagram is taken from
the mathematical Literature.
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3.5.4 Orbits of E7 and E8
A comparable analysis for the 45 nilpotent orbits of E7 and the 70 orbits of E8 poses
computational challenges and it is only possible to present a partial picture. Tables
18 to 31 set out those Hilbert series and HWGs that have been calculated, along with
details of the constructions. Unrefined HS for normal nilpotent orbits of E7 and E8
are shown in tables 18 to 23 and 28 to 29; the normalisations of the 10 non-normal
nilpotent orbits of E7 are shown in tables 24 and 25; the 8 extra root maps of E7 are
analysed in tables 26 and 27; and some HWGs for near minimal and near maximal
orbits of E7 and E8 are shown in tables 30 and 31, respectively.
The pattern is similar to that for E6. The near-minimal orbits are normal with
palindromic Hilbert series and have character HWGs that are freely generated or com-
plete intersections. All these orbits can be constructed using the NON formula. The
minimal and next to minimal orbits (and the next to next to minimal E7 orbit) also
have Coulomb branch constructions. In all the cases calculated, the normal orbits are
consistent with the established classification, as described in Appendix C.
The mHL HWGs for the sub-regular orbits of E7 and E8 have been inferred from
a result in [34], which invites the conjecture that the sub-regular orbit of any group has
a mHL HWG given by 1 − hφtht(φ), where φ is the irrep whose highest weight is the
shortest dominant root of G, and ht (φ) counts the number of simple roots within φ.12
This is consistent with the mHL HWGs for the sub-regular orbits of other Exceptional
groups and Classical groups [1].
The 8 extra root maps of E7 include further examples of dualities, with at least three
giving copies of nilpotent orbits: E7[2020000] and E7[0110100] are normal, with their
unrefined HS matching E7[0200200] and E7[0020000], respectively; E7[2000002] appears
to be non-normal, with its unrefined HS matching E7[0100011]. Amongst the others,
four generate extensions that do not match either the orbits or their normalisations,
and one remains to be calculated.
The Weyl group of E7 has 60 irreps and conjugacy classes. In [33], the 45 nilpotent
orbits are identified as these conjugacy classes, modulo some actions of the symmetric
groups S2 or S3. Six of the eight extra root maps, appear to correspond to other
members of these conjugacy classes; however, these are only identified in [33] by Bala
Carter labels, so their root maps or Characteristics are unclear.
The Weyl group of E8 has 112 irreps and conjugacy classes. In [33], the 70 nilpotent
orbits are identified as these conjugacy classes, modulo some actions of the symmetric
groups S2, S3 or S5. It can be anticipated that most of the 39 extra root maps of E8
correspond to other members of these conjugacy classes.
12 For ADE groups this is the Coxeter number.
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4 Discussion and Conclusions
Coulomb Branch Taken together with the Classical group quivers given in [1], the
Exceptional group quivers in section 2 provide Coulomb branch constructions, using the
unitary monopole formula, for all nilpotent orbits with Characteristic Height 2. These
Coulomb branch constructions either yield the closures of normal nilpotent orbits, or,
in the case of non-normal orbits, their normal components (the unions of which yield
the orbits). Other than in the case of the A series, where quivers can be found by 3d
mirror symmetry [2], Coulomb branch constructions based on the monopole formula
for nilpotent orbits of Characteristic Height greater than 2 are not (yet) known.
All the nilpotent orbits with Characteristic Height 2 have character HWGs of a
freely generated type. In the case of nilpotent orbits higher up a Hasse diagram,
multiple roots have Characteristic Height ≥ 2, so the moduli spaces can be complicated
by relations between Lie algebra operators, with the result that the HWGs are usually
not freely generated.
This leaves open the question as to whether faithful Coulomb branch constructions
for a broader class of nilpotent orbits can be found. While preliminary steps have been
taken towards developing constructions based on non-unitary versions of the monopole
formula in [5], for example, this remains an area for further research.
Nilpotent Orbit Normalisation Formula In the absence of quiver theory con-
structions for Exceptional group nilpotent orbits of Characteristic Height greater than
2, it is a significant finding that a direct plethystic calculation of the closure of any
normal nilpotent orbit is possible using the Nilpotent Orbit Normalisation formula de-
veloped in section 3. The NON formula can be viewed as a generalisation of the Weyl
character formula. One of its attractions is that it explicates, in a direct manner, the
relationship between an SU(2) homomorphism, as described by its Characteristic, its
nilpositive element X and the resulting nilpotent orbit (or normalisation).
Like the Coulomb branch formula, the NON formula yields a moduli space with
a palindromic Hilbert series, so the situation surrounding non-normal nilpotent orbits,
which have non-palindromic Hilbert series, needs consideration; however, for normal
orbits, the Higgs or Coulomb branch (where available) and NON methods all construct
the same moduli spaces.
Turning to the established list of non-normal orbits; in all the cases calculated,
the NON formula leads to moduli spaces, with palindromic Hilbert series, containing
elements outside the nilpotent cone N .
For Classical non-normal orbits, the NON formula either yields the normal com-
ponents of those orbits that are unions, as in the case of D2r spinor pairs, or it yields
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their normalisations. These normalisations can be restricted to equal the non-normal
orbits by excluding sub-spaces described by charged orbits of lower dimension.
In the case of Exceptional non-normal orbits, there are no spinor pairs, and the
NON formula yields normalisations. By conjecturing relationships, similar to those
between Classical non-normal orbits and their normalisations, it has been possible to
find restrictions of the normalisations in G2, F4 and E6, that yield Hilbert series lying
within N , and which, subject to a more definitive analysis, can be viewed as candidates
for the non-normal orbits.
This study has not made significant use of Bala-Carter labels [10, 25, 26]. The
perspective herein is that a nilpotent element X is more naturally characterised by an
extension of the quotient group structure G/G0 that applies to Richardson orbits. The
NON formula generalises this structure to non-Richardson orbits, by defining Φ˜G/G0 to
exclude the roots in Φ
[1]
G from the positive roots in ΦG/G0 ; this appears to be permissible
due to the Weyl group invariance of Φ
[1]
G under the subset WG0 of reflections of ΦG.
This analysis of the closures of nilpotent orbits as moduli spaces does, however,
leave a few residual puzzles in relation to the narrative in the mathematical Literature
regarding the nilpotent orbits of Exceptional groups. Specifically:
1. A small number of extra root maps, which are not listed amongst the Character-
istics in standard tables, follow from the SU(2) homomorphisms of EF groups.
Some of these extra root maps, such as E6[111110], E6[020202], E7[2020000],
E7[0110100], E7[2000002] and E7[2020000], generate refined Hilbert series that
are identical to those from the Characteristics of nilpotent orbits; others give rise
to moduli spaces with palindromic HS, that are extensions of nilpotent orbits
outside N . Although several cases for E7 and E8 remain to be calculated, no new
nilpotent orbits have been identified. This appears consistent with the perspec-
tive that these extra root maps may be related to Weyl group conjugacy classes
that are equivalent to nilpotent orbits, modulo certain symmetric group actions
[33].
Nonetheless, these extra roots maps provide examples of dualities, such that
certain SU(2) embeddings in G with different root maps or Characteristics lead
to identical closures of nilpotent orbits of G; such dualities appear to conflict
with the standard narrative surrounding the Jacoboson-Morozov theorem in the
Literature [10], which claims a bijection, not just between SU(2) embeddings and
nilpotent elements X, but also between SU(2) embeddings and nilpotent orbits
OX .
2. When defining the partial ordering (or topology) of nilpotent orbits within the
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nilpotent cone N , it is important to deal with the orbits, rather than their nor-
malisations. The Hasse diagrams of inclusion relations depend on whether non-
normal nilpotent orbits, or their normalisations, are used. This may account for
the few discrepancies in linking patterns (to or from non-normal orbits) between
the F4 and E6 Hasse diagrams obtained from the moduli space analysis in this
study and the standard diagrams in the Literature. Whereas the standard di-
agrams date from [31], the listing of non-normal orbits of Exceptional groups
appears some years later in [32]. It would be interesting to be able to give a
precise account of the source of the differences between the topologies of orbits
calculated from the NON formula and the standard diagrams.
The moduli space calculations for Exceptional groups, in particular, have been
limited by practical computing constraints and so several tables herein are incomplete,
more so in terms of HWG descriptions than unrefined HS. Given continuing develop-
ments in computing power, in terms of memory, speed and algorithms for polynomial
algebra, it should eventually be possible to fill in the gaps in this analysis of the moduli
spaces of quiver theories. This may resolve the open questions about the nilpotent
orbits of Exceptional groups.
There remains the problem of how to formulate an unambiguous analytic method
for restricting the normalisation of a non-normal Exceptional group nilpotent orbit to
the nilpotent cone N , as required by 3.6. The analysis for Classical orbits, drawing
on Higgs branch results, describes the difference between a non-normal orbit and its
normalisation in terms of the charged NON formula for an orbit lower down the Hasse
diagram; but what determines the particular charges and coefficients that appear? The
solution may be related to the type of degeneration between adjacent orbits, where it is
known from [30] that for Exceptional group orbits this is considerably more complicated
than the Kraft-Procesi transitions [11] between Classical group orbits.
Although such technical issues remain to be resolved, this paper and its companion
[1] go some considerable way towards systematising the intricate relationships between
quiver theories, Hilbert series (and their generating functions) and the closures of nilpo-
tent orbits, as well as developing a number of relevant analytical methods and tools.
These in turn lay the foundations for the use of such quiver theories for Hilbert series
with background charges as canonical building blocks that can be deployed to con-
struct, analyse and/or decompose a much wider range of theories. Looking beyond 4d
N = 2 Higgs branch and 3d N = 4 Coulomb branch theories, these methods should be
applicable to other moduli spaces where nilpotent orbits play a central structural role,
such as 5d N = 1 theories, 6d (1, 0) CFTs, F theory and class S theories, amongst
others.
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A Hilbert Series Transformations
A refined Hilbert series gGHS (x, t) in class functions of G can be transformed by Weyl in-
tegration to a HWG based on the characters (or modified Hall Littlewood polynomials)
of G, with the aid of a generating function for the characters (or mHL) of G:
gGHWG (m, t) =
∮
G
dµG gGχ (x
∗,m) gGHS (x, t) ,
gGHWG (h, t) =
∮
G
dµGmHL g
G
mHL (x
∗, h, t) gGHS (x, t) ,
(A.1)
where gGχ (x
∗,m) is a generating function for conjugate characters and gG(m)HL (x
∗, h, t)
is a generating function for orthonormal modified Hall Littlewood polynomials.
The reverse transformations to recover refined Hilbert series from the HWGS can
be implemented by summation over the Weyl group of G:
gGHS (x, t) =
∑
w∈WG
w ·
(
gGHWG(m, t)
∣∣
m→x
∏
α∈Φ+
1
(1− z−α)
)
,
gGHS (x, t) =
∑
w∈WG
w ·
(
gGHWG(h, t)
∣∣
h→x
∏
α∈Φ+
1
(1− z−α) (1− zαt)
)
,
(A.2)
where the elements w of the Weyl group act on the fugacities x and z. For further
detail see [1, 12].
B Symmetry Factors
The determination of symmetry factors from U(N) Casimirs in 2.3 follows [3]. These are
conditional functions that depend on the partition λ (qi) that enumerates the number
of monopole charges qi,j that are equal within each monopole flux qi. Construct a
partition of Ni for each node, which counts how many of the charges qi,j are equal,
such that λ(qi) = (λi,1, . . . , λi,Ni), where
Ni∑
j=1
λi,j = Ni. The non-zero terms λi,j in the
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partition give the ranks of the residual U(Ni) symmetries associated with each node.
13
As examples for U(2), U(3) and U(4), we have:
PU(2)qi =
1
(1− t) (1− t2) ×
{
1 : λ = (2)
(1 + t) : λ = (1, 1)
, (B.1)
PU(3)qi =
1
(1− t) (1− t2) (1− t3) ×

1 : λ = (3)(
1 + t+ t2
)
: λ = (2, 1)
(1 + t)
(
1 + t+ t2
)
: λ = (1, 1, 1)
, (B.2)
PU(4)qi =
1
(1− t) (1− t2) (1− t3) (1− t4) ×

1 : λ = (4)(
1 + t+ t2 + t3
)
: λ = (3, 1)(
1 + t2
) (
1 + t+ t2
)
: λ = (2, 2)(
1 + t+ t2
) (
1 + t+ t2 + t3
)
: λ = (2, 1, 1)
(1 + t)
(
1 + t+ t2
) (
1 + t+ t2 + t3
)
: λ = (1, 1, 1, 1)
.
(B.3)
C Background on Nilpotent Orbits
C.1 Nilpotent Elements
The closure of a nilpotent orbit of G can be considered as a moduli space described
by class functions on the representation lattice of G. So, as a necessary preliminary
to motivating the use of SUSY quiver theories and their moduli spaces in this context,
it is useful to review the relationships between a group G, the nilpotent elements (or
operators) X of its Lie algebra g, and the nilpotent orbits OX to which they give rise.
A nilpotent matrix M over some field (taken as C) is one that vanishes at some
power Mk = 0 for k ≥ d, where d is defined as the nilpotent degree of the matrix.
By similarity transformation, all the eigenvalues of M are zero and all its invariants
vanish: det[M ] = 0, . . . , tr[M ] = 0. Examples of nilpotent matrices include strictly
upper (or lower) triangular matrices. Thus, a nilpositive raising operator X of a Lie
algebra {Hi, E+α , E−α }, defined as X ≡
∑
α
uαE
+
α , for some coefficients uα, acts as a
nilpotent matrix on the vector space of representations. Importantly, elements of g
obtained by applying a similarity transformation from G to X retain zero eigenvalues
and remain nilpotent. This leads naturally to the concept of a nilpotent orbit defined
13 A U(N) group has Casimirs of degrees 1 through N . So, for example, if qi,j = qi,k for all j, k,
then λ = (Ni) and {di,1, . . . di,Ni} = {1, . . . , Ni} and if qi,j 6= qi,k for all j, k, then λ = (1Ni) and
{di,1, . . . di,Ni} = {1, . . . , 1}.
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as an equivalence class of nilpotent elements [10]:
OX = {M : M = AXA−1 for A ∈ G}. (C.1)
The simple restriction that an element X should be nilpotent can be combined with
further restrictions, with respect to nilpotent degree, matrix rank, etc., to define a poset
(partially ordered set) of equivalence classes of nilpotent matrices. This poset can be
graphed to give a distinct Hasse diagram for each Lie group. The boundary of all the
nilpotent orbits associated with these equivalence classes is known as the closure of
the maximal nilpotent orbit or nilpotent cone N . Similarly, each equivalence class OX
gives rise to the closure of a nilpotent orbit O¯X . By a common abuse of terminology,
closures of nilpotent orbits O¯X are often referred to simply as nilpotent orbits OX , and
this is the convention generally adopted herein.
Now consider the Casimir invariants of a Lie group G, which are equal in number
to its rank, with their degrees {d} being amongst the defining properties of G [18].14
The simple condition that a Lie algebra element X should be nilpotent entails, from
the vanishing eigenvalues of X, that the Casimir operators formed from the traces of
symmetrised products of X should vanish:
∀d : d ∈ {Degrees of Symmetric Casimirs of G} → tr [Xd] = 0. (C.2)
Viewed as a moduli space, the nilpotent cone N is therefore the quotient of the moduli
space of Lie algebra generators of G (the PE of the adjoint representation) divided by
(its subspace of) the moduli space of Casimir invariants. The resulting Hilbert series
takes the form:
gNHS =
PE
[
χG[adj.]t
]
∏
d∈Casimirs[G]
PE [td]
=
∏
d∈Casimirs[G]
(
1− td)PE [χG[adj.]t]
= mHLG[0,...,0](t)
(C.3)
This exactly matches the definition of the modified Hall Littlewood function mHLG[0,...,0]
[1]. So, the Hilbert series of the (closure of the) maximal nilpotent orbit is equal to
mHLG[singlet] and has the dimension:
|N | = |g| − rank[g]. (C.4)
14The Casimirs of G are symmetric invariant tensors of the adjoint representation, with their degrees
being An : {2, . . . , n, n + 1}, Bn/Cn : {2, 4, . . . , 2n}, Dn : {2, 4, . . . , 2n − 2, n}, G2 : {2, 6}, F4 :
{2, 6, 8, 12}, E6 : {2, 5, 6, 8, 9, 12}, E7 : {2, 6, 8, 10, 12, 14, 18} and E8 : {2, 8, 12, 14, 18, 20, 24, 30}.
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The dimension of (the closure of) a general nilpotent orbit |OX | is given by [10]:
|OX | = |g| − |gX |, (C.5)
where gX is the centraliser of X in g, defined as gX ≡ {c : c ∈ g & [X, c] = 0}, and
consistency with |OX | ≤ |N | entails that |gX | ≥ rank[g].
This definition of a nilpotent orbit in Lie algebra terms generalises from the matrix
operators of Classical groups to the operators of Exceptional groups.
C.2 SU(2) Homomorphisms
Key methods of identifying and classifying the nilpotent orbits of G follow from their
relationships with SU(2) homomorphisms. As described in [10], the Jacobson-Morozov
theorem shows that each nilpotent element X of g falls within some standard triple
{H,X, Y } of some SU(2) subalgebra of g. Also, a theorem of Kostant shows that the
map from standard triples to nilpotent elements is injective, up to conjugation of the
nilpotent elements. Taken together, these theorems establish a bijection between stan-
dard triples and conjugacy classes of nilpotent elements. By arguing a bijection between
conjugacy classes of nilpotent elements and nilpotent orbits, (Theorem 3.2.10) [10] fur-
ther claims a bijection between standard triples and (closures of) nilpotent orbits OX .
Each standard triple {H,X, Y } is in turn defined by a homomorphism (or embedding)
ρ from G to SU(2) and this implies a bijection between SU(2) homomorphisms ρ and
distinct nilpotent orbits OX .
The possible embeddings of SU(2) into G were first systematically enumerated,
for both Classical and Exceptional groups, by Dynkin [9]. From the perspective of
character analysis, each such homomorphism ρ corresponds to a fugacity map between
the CSA coordinates {x1, . . . , xr} of G and {x} of SU(2), under which the character
χG of each representation of G decomposes into a sum of characters of SU(2) irreps:
ρ : {x1, . . . , xr} → {xω1 , . . . , xωr} ,
ρ : χG (x1, . . . , xr)→
∑⊕
n
an [n] (x) ,
(C.6)
where the coefficients an are non-negative integers. The exponents [ω1, . . . , ωr] in C.6,
are referred to herein as the weight map of ρ. The enumeration of nilpotent orbits via
SU(2) homomorphisms is therefore equivalent to the problem of identifying all such
valid weight maps.
The number of possible homomorphisms is limited by a theorem [9], which entails
that ρ, when expressed in terms of simple root fugacities {z1, . . . , zr} of G and {z} of
SU(2), must be conjugate under the action of the Weyl group of G to a map of the
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form:
ρ : {z1, . . . zr} → {z
q1
2 , . . . , z
qr
2 }, (C.7)
where qi ∈ {0, 1, 2}. The labels [q1, . . . , qr] are termed the Characteristic of a nilpotent
orbit [9], also refered to herein as a root map of ρ.15 Thus, there are at most 3rank[G]
root maps that need to be tested, which is a straightforward computational procedure
for low rank groups.16
These homomorphisms can also be labelled by the SU(2) decomposition of ρ(R),
where R is some representation of G. R is usually chosen to be the fundamental
representation for A series groups, or the vector representation for BCD series groups.
Such decompositions of ρ(R) are conventionally expressed using condensed partition
notation, under which each SU(2) irrep [n] with non-zero multiplicity an is assigned
an element in the partition equal to its dimension, with an exponent equal to its
multiplicity:
ρ(R) =
nmax∑
n=0
an [n] ⇔ (|[nmax]|anmax , . . . , |[n]|an , . . . , 1a0) . (C.8)
Additional selection rules are required to ensure that the representations ρ(R) as-
signed to each irrep R of G are consistent with its bilinear invariants. Recall that an
irrep can be classified as (i) real, (ii) pseudo real or (iii) complex, depending, respec-
tively, on whether it has (i) a symmetric bilinear invariant with itself, (ii) an antisym-
metric bilinear invariant with itself, or (iii) a bilinear invariant with its contragredient
representation (complex conjugate in the case of unitary representations). As shown
in [10], when R has bilinear symmetric or antisymmetric invariants, this requires irrep
selection rules, to exclude any homomorphisms ρ under which such bilinears change
type:
1. Real R. If a partition element (i.e. SU(2) irrep) of even dimension appears, it
must appear an even number of times. This ensures that any pseudo real SU(2)
irreps come in pairs. These are often referred to as B partitions or D partitions.
2. Pseudo real R. If a partition element (i.e. SU(2) irrep) of odd dimension appears,
it must appear an even number of times. This ensures that any real SU(2) irreps
come in pairs. These are often referred to as C partitions.
15The Literature also refers to a Characteristic G[ρ] as the Dynkin labels (of a nilpotent orbit), not
to be confused with the weight space Dynkin labels (of irreps) [n]G. Since the labels in a Characteristic
can only be 0, 1 or 2, it can be convenient to omit the separators “,”.
16Note that root and weight fugacities and maps are related by the Cartan matrix of G as z = xA
and q = Aω, respectively.
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3. Complex R. Complex irreps have bilinear invariants with their complex con-
jugates, rather than with themselves. Conjugate pairs of representations have
identical SU(2) partitions, so no selection rules apply.
It is important to appreciate that these irrep selection rules depend on the type of
representation R of the parent group, upon which ρ acts, and not on the parent group
series (as implied in some of the Literature). The Real and Pseudo real rules apply
across all representations of both Classical and Exceptional groups.
Appendix D tabulates these homomorphisms for Exceptional groups.17 The ho-
momorphisms are described by their dimensions, their Characteristics (or root maps)
and weight maps, and the resulting partitions of the key irreps of G. While partial
tables are often presented in the Literature [10, 35], this fuller presentation, includ-
ing vectors/fundamentals and the adjoint representation, is helpful for the analysis of
nilpotent orbits.
In particular, the SU(2) homomorphism of [adj]G encodes information about the
dimension |gX | of the centraliser, and this allows calculation of the dimension of an
orbit: since the highest weight of each SU(2) irrep is annihilated by the SU(2) raising
operator X, |gX | is equal to the number of SU(2) irreps in the partition ρ([adj]G).
Thus C.5 can be restated in terms of the length of the adjoint partition as:
|OX | = |g| − |ρ ([adj]G) | (C.9)
As an example, G2 has five nilpotent orbits and these can be referred to uniquely,
either by the partition data assigned (under ρ) to one of its representations, or by the
Characteristic (root map), or by the weight map. Taking the CSA fugacities of G2 as
{x1, x2} and the simple root fugacities as {z1 = x21/x32, z2 = x22/x1}, and those of SU(2)
and {x} and {z = x2}, respectively, the homomorphism ρ with Characteristic [20] (and
weight map [42]) can also be identified in any one of the following equivalent ways:
ρ : (z1, z2)→ (z, 1) ,
ρ : (x1, x2)→
(
x4, x2
)
,
ρ : [0, 1]→ [2]⊕ [2]⊕ [0],
ρ : [0, 1]→ (32, 1).
ρ : [1, 0]→ (5, 33).
|Oρ| = 10.
(C.10)
The dimension of this orbit is 10, equal to the dimension 14 of G2 less the length of
the adjoint partition (5, 33), which contains 4 SU(2) irreps.
17Homomorphisms for Classical groups up to rank 5 were tabulated in [1].
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Intriguingly, while these SU(2) homomorphisms identify all the Characteristics of
Exceptional group nilpotent orbits that appear in standard tables [9, 10], this method
also leads to a few extra root maps for some Exceptional groups. One extra root map
arises in F4; there are 3 in E6, 8 in E7 and 39 in E8. These are highlighted in Appendix
D and their moduli spaces are examined and discussed in section 3.
C.3 Standard Triples
It is useful to summarise the relationship between SU(2) homomorphisms and standard
triples {H,X, Y }, as elaborated in [9]. Standard triples are defined by the commutation
relations [H,X] = 2X, [H, Y ] = −2Y, [X, Y ] = H. These operators are embedded in
the Lie algebra g of G, which is given by the operators {Hi, Eα+, Eα−}.
Now, consider a Characteristic [q] ≡ [q1, . . . , qr], with corresponding weight map
[w] ≡ [w1, . . . , wr], related by [q] = A · [w]. Each root, α =
∑
i aiαi, where {α1, . . . , αr}
are simple roots, is assigned a Characteristic root height:
[α] ≡
r∑
i=1
aiqi. (C.11)
The elements of the standard triple {H,X, Y } are then chosen as:
H =
r∑
i=1
wiHi,
X =
∑
α∈ΦG:[α]=2
uαEα+,
Y =
∑
α∈ΦG:[α]=2
vαEα−,
(C.12)
for some coefficients uα and vα. X contains only those roots with [α] = 2, and each of
these satisfies the commutation relations [H,Eα+] = 2Eα+, so [H,X] = 2X. Similarly,
Y satisfies [H, Y ] = −2Y . The commutation relation [X, Y ] = H constrains uα and vα.
This analysis generalises to any SU(2) homomorphism of G. The nilpotent operators
Eα within in the standard triple follow directly from the Characteristic. The coefficients
uα and vα can then be determined, up to scaling freedoms, from the Lie algebra g.
Notwithstanding the received bijective relationship between standard triples and
nilpotent orbits, there is no simple prescription in the Literature for finding the closure
of a nilpotent orbit from its standard triple, although its dimension can be obtained
from C.9.
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C.4 Terminology
It is helpful to collect some of the terminology surrounding the classification of nilpotent
orbits.
Canonical Orbits The dimensions of nilpotent orbits have a partial ordering, which
is often expressed using Hasse diagrams. Formally, this partial ordering is defined by
inclusion relations amongst the closures O¯ of nilpotent orbits O.18 There are a number
of canonical orbits within this partial ordering:
1. The trivial orbit. This is associated with the partitions ρG(R) = (1|R|) and always
has zero dimension.
2. The minimal orbit. This is the first orbit with non-zero dimension and is always
unique. Its complex dimension is equal to twice the sum of the dual Coxeter
labels of G. This equals the dimension of the reduced single instanton moduli
space of G.
3. The sub-regular orbit. This is the orbit with next to highest dimension. It is
always unique, having a complex dimension equal to the number of the roots of
G, less 2.
4. The maximal orbit. This is the orbit with highest dimension and is always unique.
Its complex dimension is equal to the number of roots of G. This equals the
dimension of the modified Hall Littlewood function mHLG[0,...,0].
The above orbits are not distinct for low rank groups. For example, in A1, the
minimal and maximal orbits coincide, as do the trivial and sub-regular.
Distinguished Orbits A distinguished nilpotent element is associated with an SU(2)
homomorphism in which ρG(adj.) contains no SU(2) singlets [10]. This rule leads to
the following list of distinguished nilpotent orbits:19
Ar: Maximal nilpotent orbit only,
Br: Partitions of 2r + 1 into distinct odd parts,
Cr: Partitions of 2r into distinct even parts,
Dr: Partitions of 2r into distinct odd parts,
18The closures O¯ correspond to the quiver theory moduli spaces that are calculated in this study.
19The list of distinguished Exceptional group Characteristics appears in table 23 of [9].
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G2: [20] and [22],
F4: [0200], [0202], [2202] and [2222],
E6: [202020] [220222] and [222222],
E7: [0020020], [2020020], [2020220], [2202022], [2202222] and [2222222],
E8: [00020000], [00200020], [00200200], [00200220], [20200200], [20200220], [20202020],
[20202220], [22020222], [22022222] and [22222222].
Even Orbits An even nilpotent orbit is one that has a Characteristic containing the
labels 0 or 2 only. All distinguished orbits are even [10].
Richardson Orbits A Richardson nilpotent orbit is one that can be induced from the
trivial nilpotent orbit of a subgroup [10]. Every nilpotent orbit that has a Characteristic
containing only the labels 0 or 2 has a quotient group G/H structure and can be
induced, as explained in section 3.1, from the trivial nilpotent orbit of the subgroup
H, whose Dynkin diagram is defined by the 0 labels of the Characteristic. All even
orbits are thus Richardson orbits. In addition, some groups have non-even Richardson
orbits, with the rules for identifying such orbits being given in [36]. Richardson orbits
have polarizations [27] and symplectic resolutions [36]. The complete set of Richardson
orbits is:
Ar: All nilpotent orbits,
Br: Partitions of 2r+1, whose first q parts are odd, where q is odd, with the remaining
parts even,
Cr: Partitions of 2r, whose first q parts are odd, where q is even, with the remaining
parts even,
Dr: Partitions of 2r, whose first q parts are odd, with the remaining parts even, and
either (i) q is even but q 6= 2, or (ii) q = 2 and the two odd parts are located at
positions 2k − 1 and 2k for some integer k,
EFG: All even orbits, plus
F4: [1012],
E6: [100010], [010100], [100012], [110111] and [110112],
E7: [0100011], [1010100], [2010100], [2101101] and [2101021],
E8: [01001002], [101010000], [21010220], [01000120], [10101010], [10101020] and [20101020].
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Rigid vs Non-Rigid Orbits A non-rigid nilpotent orbit is one that can be induced
from some nilpotent orbit of a subgroup. All Richardson orbits are thus non-rigid, being
induced from a trivial nilpotent orbit. Importantly, any orbit whose Characteristic
contains 2 can be induced from the orbit of the subgroup defined by the Dynkin diagram
and Characteristic that remains after removing one or more nodes with Characteristic
2 from the parent diagram.
Conversely, a rigid nilpotent orbit is one that cannot be induced from a nilpotent
orbit of a subgroup. A rigid nilpotent orbit has a Characteristic containing 0 and
1 only, as a necessary, but not sufficient, condition. Notably, the minimal nilpotent
orbits of simple groups, other than those isomorphic to the A series, are rigid [10].
Also, for example, D4[1011] is rigid amongst orbits of low rank groups. Rigid orbits of
Exceptional groups are identified in [29].
The inclusion relations between the above types of orbit provide a classification
scheme:
{Nilpotent Orbits} = {Rigid} ∪ {Non−Rigid}
{Non−Rigid} ⊃ {Richardson} ⊃ {Even} ⊃ {Distinguished}
(C.13)
Special Orbits A special nilpotent orbit is one that is invariant under two applica-
tions of the Spaltenstein map. For Classical groups the Spaltenstein map is defined by
fundamental/vector partition transposition, followed, if the transpose partition is not
valid under the Real/Pseudo real selection rules, by BCD-collapse to a lower partition.
The Spaltenstein map d is thus many to one, often described as d3 = d, and can lead
to the conflation of distinct nilpotent orbits, as discussed in [1]. All A series nilpotent
orbits are special. A special BC series nilpotent orbit is one whose Spaltenstein map
does not require BC collapse.
A Spaltenstein map can also be defined for Exceptional groups. All Richardson
orbits are special, as is any orbit of a higher rank group induced from a special orbit
[10]. Some rigid orbits are also special.
Normal vs Non-Normal Orbits From the perspective of this study, a more im-
portant distinction is that between normal and non-normal nilpotent orbits. A normal
symplectic variety only contains singularities that are rational Gorenstein [30], and by
virtue of a theorem in [37], this entails that it is Calabi-Yau with a palindromic Hilbert
series [38]. Consistent with this, the normal nilpotent orbits of Classical groups were
found in [1] to have palindromic Hilbert series; however, non-normal nilpotent orbits
were found to have non-palindromic Hilbert series.
The normalisation of a nilpotent orbit can be defined as a palindromic moduli space
of the same dimension that forms a covering space. A normal nilpotent orbit is its own
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normalisation. Normalisations of non-normal nilpotent orbits contain elements outside
the nilpotent cone N .
For Classical groups, it was shown in [11], based on a geometric analysis, that the
vector partition of a non-normal orbit is always related to that of the orbit immediately
below it, by a particular degeneration of its Young’s diagram. In this degeneration, a
pair of even rows in some sub-diagram, described by the partition (2r, 2r), degenerates
to (2r − 1, 2r − 1, 1, 1); all the rows above and all the columns to the left of the sub-
diagram remain unchanged. Such degenerations result from a D2r subalgebra of a BCD
series parent (all A series nilpotent orbits are normal) and are termed A2r−1 ∪ A2r−1
degenerations. A D2r group may have several degenerations associated with its spinor
pairs, including A2r−1 ∪ A2r−1 and A1 ∪ A1 degenerations.
A similar situation arises in Exceptional groups, where non-normal nilpotent orbits
are also associated with particular degenerations of their partitions [30]. The non-
normal nilpotent orbits of Exceptional groups are listed in [32], being:
G2: [01],
F4: [0002], [2001], [0101], [1010], [1012], (5 cases),
E6: [100011], [200020], [100012], [010101], [200022], (5 cases),
E7: [2000100], [2000020], [1010000], [1001010], [0100011], [0010100], [2000200], [2000220],
[0101021], [2101021], (10 cases),
E8: [10000020], [00001010], [00000220], [0100010], [10001000], [20000020], [00000121],
[10001020], [20001010], [00100020], [00000022], [20000200], [20000220], [10100010],
[01001010], [01000101], [10010100], [00101000], [10010120], [20002000], [01000121],
[00101020], [20002020], [21000121], [20002220], [20101020], [20020020], [01010221],
[21010221], (29 cases).
The non-normal orbits of Exceptional groups occur amongst all types other than
distinguished and their relationships with their normalisations are complicated [30]. It
is conjectured in [32] that all distinguished nilpotent orbits are normal.
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D Exceptional Group Nilpotent Orbits and SU(2) Homomor-
phisms
D.1 G2
Dimension [1,0] [0,1] Root Map Weight Map
0 114 17 {0, 0} {0, 0}
6 3, 24, 13 22, 13 {1, 0} {2, 1}
8 42, 3, 13 3, 22 {0, 1} {3, 2}
10 5, 33 32, 1 {2, 0} {4, 2}
12 {11, 3} {7} {2, 2} {10, 6}
D.2 F4
Dimension [1,0,0,0] [0,0,0,1] Root Map Weight Map
0 152 126 {0, 0, 0, 0} {0, 0, 0, 0}
16 3, 214, 121 26, 114 {1, 0, 0, 0} {2, 3, 2, 1}
22 37, 28, 115 3, 28, 17 {0, 0, 0, 1} {2, 4, 3, 2}
28 42, 36, 210, 16 33, 26, 15 {0, 1, 0, 0} {3, 6, 4, 2}
30 5, 313, 18 36, 18 {2, 0, 0, 0} {4, 6, 4, 2}
30 57, 3, 114 5, 37 {0, 0, 0, 2} {4, 8, 6, 4}
34 53, 42, 36, 24, 13 42, 33, 24, 1 {0, 0, 1, 0} {4, 8, 6, 3}
36 7, 54, 44, 3, 16 5, 44, 15 {2, 0, 0, 1} {6, 10, 7, 4}
36 62, 53, 42, 32, 24, 13 5, 42, 33, 22 {0, 1, 0, 1} {5, 10, 7, 4}
38 7, 62, 5, 44, 33, 13 52, 42, 3, 22, 1 {1, 0, 1, 0} {6, 11, 8, 4}
40 72, 54, 36 53, 33, 12 {0, 2, 0, 0} {6, 12, 8, 4}
40 9, 74, 34, 13 7, 53, 3, 1 {2, 0, 0, 2} {8, 14, 10, 6}
42 11, 75, 3, 13 73, 15 {2, 2, 0, 0} {10, 18, 12, 6}
42 11, 102, 7, 42, 3, 13 9, 62, 5 {1, 0, 1, 2} {10, 19, 14, 8}
44 112, 9, 7, 5, 33 9, 7, 52 {0, 2, 0, 2} {10, 20, 14, 8}
46 15, 112, 7, 5, 3 {11, 9, 5, 1} {2, 2, 0, 2} {14, 26, 18, 10}
48 {23, 15, 11, 3} {17, 9} {2, 2, 2, 2} {22, 42, 30, 16}
Partitions are shown for the F4 adjoint and vector representations only. Homomor-
phisms identified include one root map which is not a nilpotent orbit: 40: [2,0,0,2].
This is highlighted in red.
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D.3 E6, E7, E8
Dimension [1,0,0,0,0,0] [0,0,0,0,0,1] Root Map Weight Map
0 127 178 {0, 0, 0, 0, 0, 0} {0, 0, 0, 0, 0, 0}
22 26, 115 3, 220, 135 {0, 0, 0, 0, 0, 1} {1, 2, 3, 2, 1, 2}
32 3, 28, 18 38, 216, 122 {1, 0, 0, 0, 1, 0} {2, 3, 4, 3, 2, 2}
40 33, 26, 16 42, 39, 216, 111 {0, 0, 1, 0, 0, 0} {2, 4, 6, 4, 2, 3}
42 36, 19 5, 319, 116 {0, 0, 0, 0, 0, 2} {2, 4, 6, 4, 2, 4}
46 4, 34, 24, 13 5, 46, 38, 28, 19 {1, 0, 0, 0, 1, 1} {3, 5, 7, 5, 3, 4}
48 5, 37, 1 58, 38, 114 {2, 0, 0, 0, 2, 0} {4, 6, 8, 6, 4, 4}
50 42, 33, 24, 12 53, 44, 39, 28, 14 {0, 1, 0, 1, 0, 0} {3, 6, 8, 6, 3, 4}
52 5, 44, 16 7, 55, 48, 3, 111 {1, 0, 0, 0, 1, 2} {4, 7, 10, 7, 4, 6}
54 5, 42, 33, 22, 1 62, 54, 44, 35, 26, 13 {1, 0, 1, 0, 1, 0} {4, 7, 10, 7, 4, 5}
56 52, 42, 3, 22, 12 7, 62, 53, 46, 34, 22, 14 {0, 1, 0, 1, 0, 1} {4, 8, 11, 8, 4, 6}
58 53, 33, 13 72, 57, 39, 12 {0, 0, 2, 0, 0, 0} {4, 8, 12, 8, 4, 6}
58 6, 5, 42, 32, 2 73, 62, 52, 44, 34, 22, 13 {1, 1, 0, 1, 1, 0} {5, 9, 12, 9, 5, 6}
60 73, 16 11, 78, 3, 18 {0, 0, 2, 0, 0, 2} {6, 12, 18, 12, 6, 10}
60 7, 53, 3, 12 9, 75, 53, 35, 14 {2, 0, 0, 0, 2, 2} {6, 10, 14, 10, 6, 8}
62 {7, 6, 5, 4, 3, 2} 9, 82, 7, 62, 53, 42, 32, 22, 1 {1, 1, 0, 1, 1, 1} {6, 11, 15, 11, 6, 8}
64 9, 62, 5, 1 11, 102, 9, 7, 62, 5, 42, 3, 13 {2, 1, 0, 1, 2, 1} {8, 14, 19, 14, 8, 10}
64 {8, 7, 5, 4, 3} 102, 9, 72, 62, 52, 42, 3, 12 {1, 1, 1, 1, 1, 0} {7, 13, 18, 13, 7, 9}
64 {8, 7, 6, 3, 2, 1} 11, 9, 82, 72, 62, 5, 32, 22, 1 {1, 1, 0, 1, 1, 2} {7, 13, 18, 13, 7, 10}
66 9, 7, 52, 1 112, 92, 72, 53, 33 {2, 0, 2, 0, 2, 0} {8, 14, 20, 14, 8, 10}
66 92, 5, 3, 1 13, 11, 92, 74, 32, 12 {0, 2, 0, 2, 0, 2} {8, 16, 22, 16, 8, 12}
68 11, 9, 5, 12 15, 113, 9, 7, 52, 3, 1 {2, 0, 2, 0, 2, 2} {10, 18, 26, 18, 10, 14}
70 {13, 9, 5} 17, 15, 112, 9, 7, 5, 3 {2, 2, 0, 2, 2, 2} {12, 22, 30, 22, 12, 16}
72 {17, 9, 1} {23, 17, 15, 11, 9, 3} {2, 2, 2, 2, 2, 2} {16, 30, 42, 30, 16, 22}
Partitions are shown for the E6 adjoint and fundamental representations only. Homo-
morphisms identified include three root maps which are not recognised Characteristics
of nilpotent orbits: these are highlighted in red.
– 79 –
Dimension [1,0,0,0,0,0,0] [0,0,0,0,0,1,0] Root Map Weight Map
0 1133 156 {0, 0, 0, 0, 0, 0, 0} {0, 0, 0, 0, 0, 0, 0}
34 3, 232, 166 212, 132 {1, 0, 0, 0, 0, 0, 0} {2, 3, 4, 3, 2, 1, 2}
52 310, 232, 139 32, 216, 118 {0, 0, 0, 0, 1, 0, 0} {2, 4, 6, 5, 4, 2, 3}
54 327, 152 4, 226 {0, 0, 0, 0, 0, 2, 0} {2, 4, 6, 5, 4, 3, 3}
64 42, 315, 228, 124 36, 212, 114 {0, 1, 0, 0, 0, 0, 0} {3, 6, 8, 6, 4, 2, 4}
66 5, 331, 135 312, 120 {2, 0, 0, 0, 0, 0, 0} {4, 6, 8, 6, 4, 2, 4}
70 46, 316, 220, 121 4, 36, 214, 16 {0, 0, 0, 0, 0, 1, 1} {3, 6, 9, 7, 5, 3, 5}
76 5, 48, 316, 216, 116 42, 38, 28, 18 {1, 0, 0, 0, 1, 0, 0} {4, 7, 10, 8, 6, 3, 5}
82 53, 48, 315, 216, 19 44, 36, 28, 16 {0, 0, 1, 0, 0, 0, 0} {4, 8, 12, 9, 6, 3, 6}
84 57, 328, 114 47, 214 {0, 0, 0, 0, 0, 0, 2} {4, 8, 12, 9, 6, 3, 7}
84 510, 322, 117 52, 314, 14 {0, 0, 0, 0, 2, 0, 0} {4, 8, 12, 10, 8, 4, 6}
84 7, 57, 416, 3, 124 52, 48, 114 {2, 0, 0, 0, 1, 0, 0} {6, 10, 14, 11, 8, 4, 7}
86 7, 515, 310, 121 6, 49, 27 {2, 0, 0, 0, 0, 2, 0} {6, 10, 14, 11, 8, 5, 7}
90 62, 56, 48, 311, 210, 16 52, 44, 36, 24, 14 {0, 1, 0, 0, 1, 0, 0} {5, 10, 14, 11, 8, 4, 7}
92 7, 62, 57, 410, 36, 26, 19 54, 44, 32, 24, 16 {1, 0, 1, 0, 0, 0, 0} {6, 11, 16, 12, 8, 4, 8}
94 72, 513, 315, 19 56, 36, 18 {0, 2, 0, 0, 0, 0, 0} {6, 12, 16, 12, 8, 4, 8}
94 7, 64, 57, 46, 37, 28, 16 6, 52, 45, 34, 23, 12 {1, 0, 0, 1, 0, 1, 0} {6, 11, 16, 13, 9, 5, 8}
96 11, 714, 3, 121 76, 114 {2, 2, 0, 0, 0, 0, 0} {10, 18, 24, 18, 12, 6, 12}
96 9, 75, 514, 3, 116 66, 4, 28 {2, 0, 0, 0, 0, 0, 2} {8, 14, 20, 15, 10, 5, 11}
96 72, 64, 55, 48, 38, 24, 16 6, 54, 42, 34, 25 {0, 1, 0, 0, 0, 1, 1} {6, 12, 17, 13, 9, 5, 9}
98 73, 64, 54, 48, 38, 24, 14 62, 52, 44, 34, 22, 12 {0, 0, 1, 0, 1, 0, 0} {6, 12, 18, 14, 10, 5, 9}
100 75, 510, 315, 13 63, 47, 25 {0, 0, 0, 2, 0, 0, 0} {6, 12, 18, 15, 10, 5, 9}
100 9, 77, 59, 37, 19 72, 56, 32, 16 {2, 0, 0, 0, 2, 0, 0} {8, 14, 20, 16, 12, 6, 10}
102 11, 97, 7, 57, 3, 114 10, 67, 4 {2, 0, 0, 0, 2, 2, 0} {10, 18, 26, 21, 16, 9, 13}
102 11, 84, 76, 64, 32, 24, 110 8, 74, 6, 25, 14 {2, 1, 0, 0, 0, 1, 1} {10, 18, 25, 19, 13, 7, 13}
104 95, 72, 513, 19 82, 63, 45, 2 {0, 0, 0, 0, 2, 0, 2} {8, 16, 24, 19, 14, 7, 13}
104 92, 78, 55, 310, 14 8, 64, 45, 22 {0, 2, 0, 0, 0, 2, 0} {8, 16, 22, 17, 12, 7, 11}
104 9, 82, 73, 64, 55, 44, 34, 24, 12 72, 62, 52, 42, 32, 22, 12 {1, 0, 1, 0, 1, 0, 0} {8, 15, 22, 17, 12, 6, 11}
106 13, 99, 55, 3, 111 10, 84, 4, 25 {2, 2, 0, 0, 0, 2, 0} {12, 22, 30, 23, 16, 9, 15}
106 93, 75, 510, 36, 13 74, 52, 36 {0, 0, 2, 0, 0, 0, 0} {8, 16, 24, 18, 12, 6, 12}
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Dimension [1,0,0,0,0,0,0] [0,0,0,0,0,1,0] Root Map Weight Map
106 11, 9, 84, 74, 64, 5, 34, 24, 14 82, 72, 62, 32, 22, 14 {2, 0, 1, 0, 1, 0, 0} {10, 18, 26, 20, 14, 7, 13}
108 11, 93, 78, 53, 37, 13 83, 63, 4, 25 {2, 0, 0, 2, 0, 0, 0} {10, 18, 26, 21, 14, 7, 13}
108 102, 9, 82, 74, 62, 54, 44, 33, 13 82, 72, 52, 42, 32, 12 {0, 1, 1, 0, 1, 0, 0} {9, 18, 26, 20, 14, 7, 13}
108 11, 102, 93, 7, 66, 53, 42, 3, 16 92, 64, 52, 14 {1, 0, 1, 0, 2, 0, 0} {10, 19, 28, 22, 16, 8, 14}
108 11, 102, 93, 82, 7, 62, 53, 42, 32, 24, 13 10, 72, 63, 52, 4 {1, 0, 1, 0, 1, 2, 0} {10, 19, 28, 22, 16, 9, 14}
110 112, 94, 74, 57, 33, 13 92, 72, 54, 14 {0, 2, 0, 0, 2, 0, 0} {10, 20, 28, 22, 16, 8, 14}
110 13, 11, 96, 74, 52, 34, 15 94, 52, 32, 14 {2, 0, 2, 0, 0, 0, 0} {12, 22, 32, 24, 16, 8, 16}
110 112, 102, 9, 82, 73, 62, 5, 44, 33, 13 10, 8, 72, 6, 52, 42 {0, 1, 0, 1, 0, 2, 1} {10, 20, 29, 23, 16, 9, 15}
112 113, 93, 75, 54, 36 10, 82, 63, 43 {0, 0, 2, 0, 0, 2, 0} {10, 20, 30, 23, 16, 9, 15}
112 13, 113, 92, 77, 5, 34, 13 102, 82, 6, 43, 2 {2, 0, 0, 0, 2, 0, 2} {12, 22, 32, 25, 18, 9, 17}
112 15, 115, 93, 7, 54, 3, 16 112, 92, 52, 16 {2, 2, 0, 0, 2, 0, 0} {14, 26, 36, 28, 20, 10, 18}
112 13, 11, 102, 92, 84, 62, 52, 35, 12 10, 92, 72, 42, 23 {2, 0, 1, 1, 0, 1, 0} {12, 22, 32, 25, 17, 9, 16}
114 133, 11, 93, 75, 53, 3, 13 112, 74, 32 {0, 0, 2, 0, 2, 0, 0} {12, 24, 36, 28, 20, 10, 18}
114 15, 122, 11, 102, 93, 7, 62, 42, 32, 13 112, 10, 8, 52, 23 {2, 1, 0, 1, 1, 0, 1} {14, 26, 37, 29, 20, 10, 19}
114 15, 122, 112, 102, 9, 72, 62, 42, 32, 13 12, 10, 92, 6, 4, 32 {2, 1, 0, 1, 0, 2, 1} {14, 26, 37, 29, 20, 11, 19}
116 15, 13, 114, 92, 73, 52, 34 12, 102, 8, 6, 42, 2 {2, 0, 2, 0, 0, 2, 0} {14, 26, 38, 29, 20, 11, 19}
118 17, 15, 132, 112, 93, 7, 53, 3, 1 132, 92, 52, 12 {2, 0, 2, 0, 2, 0, 0} {16, 30, 44, 34, 24, 12, 22}
118 19, 162, 15, 112, 102, 7, 62, 3, 13 16, 112, 10, 6, 12 {2, 1, 0, 1, 2, 2, 1} {18, 34, 49, 39, 28, 15, 25}
120 23, 173, 15, 11, 93, 3, 13 172, 92, 14 {2, 2, 2, 0, 2, 0, 0} {22, 42, 60, 46, 32, 16, 30}
120 19, 17, 152, 113, 9, 72, 5, 32 16, 12, 102, 6, 2 {2, 0, 2, 0, 2, 2, 0} {18, 34, 50, 39, 28, 15, 25}
122 23, 19, 17, 152, 112, 9, 7, 32 {18, 16, 10, 8, 4} {2, 2, 0, 2, 0, 2, 2} {22, 42, 60, 47, 32, 17, 31}
124 27, 23, 19, 17, 15, 112, 7, 3 {22, 16, 12, 6} {2, 2, 0, 2, 2, 2, 2} {26, 50, 72, 57, 40, 21, 37}
126 {35, 27, 23, 19, 15, 11, 3} {28, 18, 10} {2, 2, 2, 2, 2, 2, 2} {34, 66, 96, 75, 52, 27, 49}
Partitions are shown for the E7 adjoint and vector representations only. Homomor-
phisms identified include eight root maps which are not recognised Characteristics of
nilpotent orbits: these are highlighted in red.
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0 1248 {0, 0, 0, 0, 0, 0, 0, 0} {0, 0, 0, 0, 0, 0, 0, 0}
58 3, 256, 1133 {0, 0, 0, 0, 0, 0, 1, 0} {2, 4, 6, 5, 4, 3, 2, 3}
92 314, 264, 178 {1, 0, 0, 0, 0, 0, 0, 0} {4, 7, 10, 8, 6, 4, 2, 5}
112 42, 327, 252, 155 {0, 0, 0, 0, 0, 1, 0, 0} {4, 8, 12, 10, 8, 6, 3, 6}
114 5, 355, 178 {0, 0, 0, 0, 0, 0, 2, 0} {4, 8, 12, 10, 8, 6, 4, 6}
128 48, 328, 248, 136 {0, 0, 0, 0, 0, 0, 0, 1} {5, 10, 15, 12, 9, 6, 3, 8}
136 5, 412, 332, 232, 135 {1, 0, 0, 0, 0, 0, 1, 0} {6, 11, 16, 13, 10, 7, 4, 8}
146 53, 416, 327, 232, 124 {0, 0, 0, 0, 1, 0, 0, 0} {6, 12, 18, 15, 12, 8, 4, 9}
148 7, 511, 432, 3, 155 {1, 0, 0, 0, 0, 0, 2, 0} {8, 15, 22, 18, 14, 10, 6, 11}
154 57, 414, 328, 228, 117 {0, 1, 0, 0, 0, 0, 0, 0} {7, 14, 20, 16, 12, 8, 4, 10}
156 514, 350, 128 {2, 0, 0, 0, 0, 0, 0, 0} {8, 14, 20, 16, 12, 8, 4, 10}
162 62, 510, 416, 323, 218, 117 {1, 0, 0, 0, 0, 1, 0, 0} {8, 15, 22, 18, 14, 10, 5, 11}
164 7, 62, 515, 418, 310, 214, 124 {0, 0, 0, 0, 1, 0, 1, 0} {8, 16, 24, 20, 16, 11, 6, 12}
166 72, 525, 327, 128 {0, 0, 0, 0, 0, 2, 0, 0} {8, 16, 24, 20, 16, 12, 6, 12}
168 11, 726, 3, 152 {0, 0, 0, 0, 0, 2, 2, 0} {12, 24, 36, 30, 24, 18, 10, 18}
168 64, 510, 416, 320, 220, 110 {0, 0, 0, 1, 0, 0, 0, 0} {8, 16, 24, 20, 15, 10, 5, 12}
172 7, 66, 511, 416, 315, 214, 113 {0, 1, 0, 0, 0, 0, 1, 0} {9, 18, 26, 21, 16, 11, 6, 13}
176 72, 66, 513, 412, 316, 214, 19 {0, 0, 0, 0, 0, 1, 0, 1} {9, 18, 27, 22, 17, 12, 6, 14}
178 73, 68, 58, 416, 316, 28, 111 {1, 0, 0, 0, 1, 0, 0, 0} {10, 19, 28, 23, 18, 12, 6, 14}
178 9, 75, 612, 514, 42, 3, 216, 119 {0, 1, 0, 0, 0, 0, 2, 0} {11, 22, 32, 26, 20, 14, 8, 16}
180 9, 711, 521, 311, 124 {2, 0, 0, 0, 0, 0, 2, 0} {12, 22, 32, 26, 20, 14, 8, 16}
182 75, 66, 510, 414, 315, 210, 16 {0, 0, 1, 0, 0, 0, 0, 0} {10, 20, 30, 24, 18, 12, 6, 15}
184 78, 520, 328, 18 {0, 0, 0, 0, 0, 0, 0, 2} {10, 20, 30, 24, 18, 12, 6, 16}
184 11, 86, 714, 66, 32, 214, 121 {0, 0, 0, 0, 0, 1, 2, 1} {13, 26, 39, 32, 25, 18, 10, 20}
186 82, 75, 68, 59, 412, 311, 28, 17 {0, 1, 0, 0, 0, 1, 0, 0} {11, 22, 32, 26, 20, 14, 7, 16}
188 84, 76, 64, 510, 416, 36, 24, 110 {1, 0, 0, 1, 0, 0, 0, 0} {12, 23, 34, 28, 21, 14, 7, 17}
188 9, 82, 77, 68, 59, 48, 38, 28, 19 {1, 0, 0, 0, 1, 0, 1, 0} {12, 23, 34, 28, 22, 15, 8, 17}
190 11, 9, 88, 78, 68, 5, 38, 28, 115 {1, 0, 0, 0, 1, 0, 2, 0} {14, 27, 40, 33, 26, 18, 10, 20}
192 9, 84, 75, 68, 59, 48, 39, 28, 14 {0, 0, 1, 0, 0, 0, 1, 0} {12, 24, 36, 29, 22, 15, 8, 18}
192 92, 82, 78, 68, 55, 410, 310, 24, 17 {0, 0, 0, 1, 0, 1, 0, 0} {12, 24, 36, 30, 23, 16, 8, 18}
194 93, 713, 514, 318, 16 {0, 0, 0, 0, 2, 0, 0, 0} {12, 24, 36, 30, 24, 16, 8, 18}
194 95, 84, 72, 66, 513, 410, 22, 112 {1, 0, 1, 0, 0, 0, 0, 0} {14, 27, 40, 32, 24, 16, 8, 20}
196 97, 77, 521, 37, 110 {0, 2, 0, 0, 0, 0, 0, 0} {14, 28, 40, 32, 24, 16, 8, 20}
196 102, 9, 86, 78, 62, 58, 48, 37, 110 {1, 0, 0, 0, 1, 1, 0, 0} {14, 27, 40, 33, 26, 18, 9, 20}
196 11, 102, 97, 7, 614, 57, 42, 3, 117 {2, 0, 0, 0, 1, 0, 1, 0} {16, 30, 44, 36, 28, 19, 10, 22}
196 13, 102, 99, 88, 55, 42, 3, 210, 114 {0, 0, 0, 1, 0, 1, 2, 0} {16, 32, 48, 40, 31, 22, 12, 24}
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196 93, 84, 75, 66, 510, 48, 37, 26, 13 {0, 1, 0, 0, 1, 0, 0, 0} {13, 26, 38, 31, 24, 16, 8, 19}
196 11, 93, 86, 78, 66, 53, 42, 37, 210, 16 {0, 0, 1, 0, 0, 0, 2, 0} {14, 28, 42, 34, 26, 18, 10, 21}
198 11, 96, 714, 57, 314, 18 {0, 0, 0, 0, 0, 0, 2, 2} {14, 28, 42, 34, 26, 18, 10, 22}
198 112, 98, 78, 515, 33, 114 {2, 0, 0, 0, 0, 2, 0, 0} {16, 30, 44, 36, 28, 20, 10, 22}
198 13, 11, 914, 74, 56, 38, 116 {0, 0, 0, 0, 2, 0, 2, 0} {16, 32, 48, 40, 32, 22, 12, 24}
200 15, 119, 97, 7, 58, 3, 121 {2, 0, 0, 0, 0, 2, 2, 0} {20, 38, 56, 46, 36, 26, 14, 28}
200 102, 93, 84, 76, 66, 56, 48, 36, 24, 13 {0, 0, 1, 0, 0, 1, 0, 0} {14, 28, 42, 34, 26, 18, 9, 21}
202 104, 93, 82, 76, 66, 59, 44, 36, 22, 14 {0, 1, 0, 1, 0, 0, 0, 0} {15, 30, 44, 36, 27, 18, 9, 22}
202 11, 102, 93, 86, 74, 66, 56, 44, 37, 24, 13 {0, 1, 0, 0, 1, 0, 1, 0} {15, 30, 44, 36, 28, 19, 10, 22}
202 11, 104, 93, 82, 75, 68, 57, 44, 32, 24, 16 {1, 0, 1, 0, 0, 0, 1, 0} {16, 31, 46, 37, 28, 19, 10, 23}
204 112, 104, 9, 84, 77, 64, 55, 48, 33, 16 {0, 1, 0, 0, 0, 1, 0, 1} {16, 32, 47, 38, 29, 20, 10, 24}
204 112, 102, 94, 84, 74, 66, 57, 44, 34, 24, 13 {1, 0, 0, 1, 0, 1, 0, 0} {16, 31, 46, 38, 29, 20, 10, 23}
204 13, 11, 104, 96, 84, 74, 62, 52, 44, 35, 26, 15 {0, 1, 0, 0, 1, 0, 2, 0} {17, 34, 50, 41, 32, 22, 12, 25}
206 13, 112, 104, 93, 88, 64, 54, 311, 15 {0, 0, 0, 1, 0, 0, 2, 1} {17, 34, 51, 42, 32, 22, 12, 26}
206 113, 102, 93, 84, 75, 66, 54, 46, 36, 13 {0, 0, 1, 0, 1, 0, 0, 0} {16, 32, 48, 39, 30, 20, 10, 24}
206 13, 113, 104, 92, 84, 77, 62, 5, 46, 34, 22, 16 {1, 0, 1, 0, 0, 0, 2, 0} {18, 35, 52, 42, 32, 22, 12, 26}
208 114, 96, 710, 510, 310 {0, 0, 0, 2, 0, 0, 0, 0} {16, 32, 48, 40, 30, 20, 10, 24}
208 13, 115, 96, 710, 55, 39, 14 {0, 2, 0, 0, 0, 0, 2, 0} {18, 36, 52, 42, 32, 22, 12, 26}
208 132, 114, 99, 73, 513, 3, 18 {0, 0, 0, 0, 0, 2, 0, 2} {18, 36, 54, 44, 34, 24, 12, 28}
208 142, 116, 104, 92, 7, 610, 53, 3, 111 {1, 0, 0, 1, 0, 2, 0, 0} {20, 39, 58, 48, 37, 26, 13, 29}
208 122, 112, 102, 94, 84, 75, 62, 56, 46, 33, 14 {0, 0, 0, 1, 0, 1, 0, 1} {17, 34, 51, 42, 32, 22, 11, 26}
208 122, 113, 102, 92, 84, 75, 66, 55, 42, 32, 24, 13 {1, 0, 1, 0, 0, 1, 0, 0} {18, 35, 52, 42, 32, 22, 11, 26}
208 15, 122, 115, 104, 93, 82, 7, 62, 54, 42, 32, 26, 16 {1, 0, 0, 1, 0, 1, 2, 0} {20, 39, 58, 48, 37, 26, 14, 29}
210 17, 155, 11, 914, 3, 116 {2, 2, 0, 0, 0, 0, 2, 0} {26, 50, 72, 58, 44, 30, 16, 36}
210 133, 115, 93, 713, 53, 35, 16 {2, 0, 0, 0, 2, 0, 0, 0} {20, 38, 56, 46, 36, 24, 12, 28}
210 15, 135, 11, 99, 75, 56, 111 {2, 0, 0, 0, 0, 0, 2, 2} {22, 42, 62, 50, 38, 26, 14, 32}
210 15, 124, 112, 104, 95, 72, 64, 44, 36, 16 {0, 1, 0, 0, 0, 1, 2, 1} {20, 40, 59, 48, 37, 26, 14, 30}
210 13, 122, 11, 104, 94, 82, 75, 64, 52, 46, 34, 13 {0, 0, 1, 0, 1, 0, 1, 0} {18, 36, 54, 44, 34, 23, 12, 27}
212 135, 11, 99, 75, 510, 16 {0, 0, 2, 0, 0, 0, 0, 0} {20, 40, 60, 48, 36, 24, 12, 30}
212 132, 122, 11, 104, 92, 84, 74, 64, 54, 42, 35, 12 {0, 1, 0, 1, 0, 1, 0, 0} {19, 38, 56, 46, 35, 24, 12, 28}
212 133, 122, 11, 102, 93, 84, 75, 64, 53, 42, 32, 22, 13 {1, 0, 1, 0, 1, 0, 0, 0} {20, 39, 58, 47, 36, 24, 12, 29}
212 15, 13, 122, 114, 104, 92, 82, 73, 62, 52, 44, 34, 22, 13 {0, 0, 1, 0, 1, 0, 2, 0} {20, 40, 60, 49, 38, 26, 14, 30}
214 15, 132, 117, 95, 75, 55, 38, 1 {0, 0, 0, 2, 0, 0, 2, 0} {20, 40, 60, 50, 38, 26, 14, 30}
214 17, 15, 136, 112, 97, 7, 57, 3, 18 {2, 0, 0, 0, 2, 0, 2, 0} {24, 46, 68, 56, 44, 30, 16, 34}
214 142, 133, 11, 104, 93, 82, 76, 62, 52, 44, 3, 14 {0, 1, 1, 0, 0, 1, 0, 0} {21, 42, 62, 50, 38, 26, 13, 31}
216 23, 177, 15, 11, 97, 3, 114 {2, 0, 0, 0, 2, 2, 2, 0} {32, 62, 92, 76, 60, 42, 22, 46}
216 152, 133, 115, 94, 78, 53, 35, 12 {0, 2, 0, 0, 0, 2, 0, 0} {22, 44, 64, 52, 40, 28, 14, 32}
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216 19, 164, 15, 116, 104, 7, 64, 3, 110 {2, 1, 0, 0, 0, 1, 2, 1} {28, 54, 79, 64, 49, 34, 18, 40}
216 162, 133, 124, 112, 92, 82, 75, 62, 53, 3, 22, 14 {0, 1, 0, 1, 0, 2, 0, 0} {23, 46, 68, 56, 43, 30, 15, 34}
216 17, 142, 132, 124, 112, 102, 9, 82, 72, 62, 53, 35, 22, 12 {0, 1, 0, 1, 0, 1, 2, 0} {23, 46, 68, 56, 43, 30, 16, 34}
216 15, 142, 13, 122, 112, 102, 93, 84, 73, 62, 53, 42, 32, 22, 1 {1, 0, 1, 0, 1, 0, 1, 0} {22, 43, 64, 52, 40, 27, 14, 32}
218 172, 153, 13, 116, 93, 77, 33, 15 {2, 0, 0, 0, 0, 2, 0, 2} {26, 50, 74, 60, 46, 32, 16, 38}
218 19, 154, 135, 112, 92, 76, 36, 14 {0, 2, 0, 0, 0, 2, 2, 0} {26, 52, 76, 62, 48, 34, 18, 38}
218 162, 152, 13, 122, 112, 104, 92, 74, 64, 5, 42, 14 {0, 1, 0, 1, 0, 1, 0, 1} {24, 48, 71, 58, 44, 30, 15, 36}
218 162, 15, 133, 122, 11, 102, 93, 84, 7, 62, 53, 42, 3, 13 {1, 0, 1, 0, 1, 1, 0, 0} {24, 47, 70, 57, 44, 30, 15, 35}
218 17, 15, 142, 132, 122, 112, 102, 93, 82, 7, 62, 53, 42, 32, 22, 1 {1, 0, 1, 0, 1, 0, 2, 0} {24, 47, 70, 57, 44, 30, 16, 35}
220 17, 153, 132, 116, 93, 75, 54, 34 {0, 0, 2, 0, 0, 0, 2, 0} {24, 48, 72, 58, 44, 30, 16, 36}
220 21, 174, 15, 135, 95, 7, 54, 17 {2, 0, 0, 0, 0, 2, 2, 2} {30, 58, 86, 70, 54, 38, 20, 44}
220 182, 15, 144, 132, 11, 102, 93, 75, 53, 3, 14 {0, 0, 1, 1, 0, 2, 0, 0} {26, 52, 78, 64, 49, 34, 17, 39}
220 19, 17, 162, 152, 122, 113, 104, 9, 72, 62, 5, 32, 22, 13 {2, 0, 1, 0, 1, 0, 2, 0} {28, 54, 80, 65, 50, 34, 18, 40}
220 17, 162, 15, 132, 122, 112, 102, 93, 82, 72, 62, 52, 42, 3, 12 {0, 1, 1, 0, 1, 0, 1, 0} {25, 50, 74, 60, 46, 31, 16, 37}
222 19, 172, 153, 13, 116, 93, 73, 52, 34, 1 {2, 0, 0, 2, 0, 0, 2, 0} {28, 54, 80, 66, 50, 34, 18, 40}
222 23, 182, 173, 162, 15, 11, 102, 93, 82, 32, 24, 13 {1, 0, 1, 0, 1, 2, 2, 0} {32, 63, 94, 77, 60, 42, 22, 47}
222 182, 17, 15, 142, 132, 113, 102, 92, 82, 7, 62, 53, 3, 12 {0, 1, 1, 0, 1, 1, 0, 0} {27, 54, 80, 65, 50, 34, 17, 40}
224 192, 17, 153, 133, 113, 93, 75, 5, 33 {0, 0, 2, 0, 0, 2, 0, 0} {28, 56, 84, 68, 52, 36, 18, 42}
224 21, 19, 172, 154, 116, 74, 53, 3, 12 {0, 2, 0, 0, 2, 0, 2, 0} {30, 60, 88, 72, 56, 38, 20, 44}
224 21, 193, 152, 133, 115, 92, 72, 34, 12 {2, 0, 2, 0, 0, 0, 2, 0} {32, 62, 92, 74, 56, 38, 20, 46}
224 202, 17, 162, 152, 13, 122, 112, 93, 82, 7, 53, 3, 12 {1, 0, 1, 1, 0, 2, 0, 0} {30, 59, 88, 72, 55, 38, 19, 44}
224 23, 19, 182, 17, 162, 152, 112, 102, 9, 82, 7, 42, 32, 13 {0, 1, 0, 1, 0, 2, 2, 1} {32, 64, 95, 78, 60, 42, 22, 48}
226 23, 192, 173, 153, 113, 93, 72, 5, 34 {0, 0, 2, 0, 0, 2, 2, 0} {32, 64, 96, 78, 60, 42, 22, 48}
226 25, 21, 194, 153, 114, 9, 72, 5, 32, 13 {2, 0, 0, 2, 0, 2, 2, 0} {36, 70, 104, 86, 66, 46, 24, 52}
226 23, 21, 192, 17, 153, 132, 113, 9, 74, 32, 12 {2, 0, 0, 0, 2, 0, 2, 2} {34, 66, 98, 80, 62, 42, 22, 50}
226 23, 222, 19, 162, 15, 133, 122, 11, 102, 7, 42, 3, 13 {2, 1, 0, 1, 1, 0, 1, 1} {36, 70, 103, 84, 64, 43, 22, 52}
228 232, 21, 19, 17, 153, 132, 114, 9, 7, 5, 33 {2, 0, 2, 0, 0, 2, 0, 0} {36, 70, 104, 84, 64, 44, 22, 52}
228 27, 23, 222, 19, 17, 162, 15, 122, 112, 7, 62, 3, 13 {2, 1, 0, 1, 0, 2, 2, 1} {40, 78, 115, 94, 72, 50, 26, 58}
230 27, 232, 21, 19, 172, 152, 13, 113, 72, 5, 32 {2, 0, 2, 0, 0, 2, 2, 0} {40, 78, 116, 94, 72, 50, 26, 58}
232 29, 27, 232, 192, 17, 153, 112, 9, 7, 5, 3 {2, 0, 2, 0, 2, 0, 2, 0} {44, 86, 128, 104, 80, 54, 28, 64}
232 35, 282, 27, 23, 19, 182, 15, 11, 102, 3, 13 {2, 1, 0, 1, 2, 2, 2, 1} {52, 102, 151, 124, 96, 66, 34, 76}
232 31, 27, 25, 23, 21, 192, 152, 13, 112, 72, 3, 1 {2, 0, 0, 2, 0, 2, 2, 2} {46, 90, 134, 110, 84, 58, 30, 68}
234 35, 29, 272, 23, 192, 17, 15, 112, 9, 32 {2, 0, 2, 0, 2, 2, 2, 0} {52, 102, 152, 124, 96, 66, 34, 76}
236 39, 35, 29, 27, 232, 19, 17, 15, 11, 7, 3 {2, 2, 0, 2, 0, 2, 2, 2} {60, 118, 174, 142, 108, 74, 38, 88}
238 {47, 39, 35, 29, 27, 23, 19, 15, 11, 3} {2, 2, 0, 2, 2, 2, 2, 2} {72, 142, 210, 172, 132, 90, 46, 106}
240 {59, 47, 39, 35, 27, 23, 15, 3} {2, 2, 2, 2, 2, 2, 2, 2} {92, 182, 270, 220, 168, 114, 58, 136}
Partitions are shown for the adjoint representation only. Homomorphisms identified
include 39 root maps which are not recognised Characteristics of nilpotent orbits: these
are highlighted in red.
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